Summations starting from arbitrary numbers:

The difference between this type of summations and the actual summations is 

· The lower limit of the summation does not start from 0

So, to solve such kind of summations, we need to change the lower limit of the summation to zero from any arbitrary number.

Example 1:

                                          7

What is the value of ∑ j




           j=5
This expression can be evaluated in two different ways:

First method:

We need to change the summation notation so that the lower limit is zero. Note that this can be accomplished by letting

                          m=j-5. Then j= m+5

                                              2                             2             2

So the summation will become ∑  (m+5)      =  ∑ m  + ∑  5  
                                             m=0                      m=0        m=0

Remember; we have to change the upper limit too. As we are subtracting 5 from the lower limit, we have to subtract 5 from upper limit too.

Now, we can use the summation formulae to solve the above problem.

So, the value will be     

  2               2

∑ m   +  ∑ 5     =  [2(2+1)] / 2    +     5(2+1)    =    3+15    =  18
m=0       m=0    

Second method:

The summation is equivalent to the summation of all j values from 1 to 7 minus the summation of all j values from 1 to 4. i.e.

  7
7
4

∑ j  =  ∑ j  -   ∑ j

j=5
j=1
j=1
Thus, the expression can be evaluated as:

   7


 ∑ j  = (7*8)/2 = 28

  j=1

  4


∑ j  =  (4*5)/2 = 10

j=1

The result is:

28 – 10 = 18

Example 2:

100          100         4

∑ c =   ∑ c  -  ∑ c = 100 * c  -  4 * c = 96 * c   (c is a constant)  
i=5          i=1         i=1

Example 3:

 50           58                58           58

∑  i =   ∑ (m-8)   = ∑  m  -  ∑ 8    =   (58*59)/2 – (8*58)  =  1247
i=-8        m=0             m=0       m=0

Example 4:

 20                        10                                  10

∑ (2i+4)/3   =      ∑ [2(m+10)+4]/3   =  1/3∑ (2m+24)  
i=10                    m=0                                m=0

                 10                 10

     =   2/3 ∑  m  +  1/3 ∑ 24  =  2/3(10*11)/2  + 1/3(24*11)  = 110/3 +88
                m=0              m=0


100 
100
 4

Note also that:       ∑ i  =    ∑ i   -  ∑ i      
       
m=5       m=1      m=1

 Exercises:

                  15

    1.        ∑ i     =     105
               i=6

                 20

     2.        ∑ (j-6)   =    39
              j=-5

               50
3. ∑  6k    =    246k
j=10

                 10

4. ∑ 6i/5   =  294/5
i=4

                 12

     5.       ∑ (4j+15)    =   357
          j=6
Double Summations:

Double summations may be evaluated using a two-step process.

· First expand the inner summation and 

· Then, expand the outer one.

Example 1:

   50   20        50                        50

  ∑ ∑ j   = ∑ (20*21)/2    = ∑ 210   =  210*50 =  10500        
  i=1  j=1       i=1                      i=1

Here we need to expand the inner summation(which involves j). The result 210 is a constant and we do not have any variables involved. So just apply the required formula to get the result.

Example 2:

 10  10          10      10       10

∑ ∑ i   =  ∑ i  ∑ 1 =  ∑   i* 10  =  (10*11)/2  * 10 = 550
i=1  j=1        i=1    j=1       i=1

Even though variable i is given with the summation involving j, we need to evaluate the summation sum(j=1 to 10) as shown above.

Example 3:
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6*[4(4+1)] /2  = 6*10 = 60

Example 4:

 2    3

∑ ∑ xy  =  (1*1 + 1* 2 + 1* 3) + (2 * 1 + 2 * 2 + 2 * 3) 
x=1 y=1

= 1 * (1 + 2 + 3) + 2* (1 + 2 + 3) 

= (1 + 2) * (1 + 2+ 3)

Thus the above formula is equivalent to:

    2       3          2                              2

 ∑ x ∑y  =  ∑  x [(3*4)/2)]  = ∑  6*x   = 6 [(2*3)/2] = 18 
 x=1    y=1      x=1                        x=1

Exercises:

        30    10    

1.    ∑ ∑ i   =  4650   
       i=1  j=1

        15    10

2.    ∑ ∑ k   =   150k
        i=1  j=1

        10   10

3.    ∑ ∑ (x*y)/5    =  605    
       x=1 y=1 

