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Assigned: 10/19/2000

S. Lang

Assignment #4 (40 pts.)


Due: 10/31 in class (within 

                                                                                                                     the first 10 minutes)

First, we define when two functions are considered equal (or identical). 

Definition. Two functions f: A ( B and g: A ( B are said equal, denoted f = g, if f(x) = g(x) for every x ( A, where A is the common domain of the two functions.  

For example, two functions f(x) = (x + 1)2 and g(x) = x2 + 2x + 1, both defined from R to R, where R denotes the set of real numbers, are equal because (x + 1)2 = x2 + 2x + 1 by algebra laws.  

As a reminder, when there are two functions f: A ( B and g: B ( C, they can be composed to form a function denoted g o f: A ( C, with g precedes f in the composition notation g o f.  However, when f and g are considered as relations (because functions are special cases of relations), the notation for composing would be f o g, which as a relation has the property f o g ( A ( C.  The context should make it clear which convention (either g o f or f o g) is used.

1. (11 pts.) Consider a set A = {a, b, c}, a set B = {1, 2}, and a set C = {u, v, w}.  Define a relation R ( A ( B with R = {(a, 1), (b, 1), (c, 2)}, a relation S ( B ( C with S = {(1, u), (1, v), (2, w)}, and a relation T ( A ( C as T = {(a, v), (b, w), (c, u)}.  Now answer each of the following questions with a short explanation.

(a) Is R a function?  If so, is it an injection?

(b) Is S–1 a function?  If so, is it a surjection?

(c) Is T a function?  Is T–1 a function?

(d) Determine the composed relation S–1 ( R–1, that is, find all the pairs in this relation and express the relation as a subset of C ( A.

(e) Is the composed relation T–1 ( R a function?  If it is a function, what is its domain?  Is it an injection?

2. (4 pts. The corrected version) Let R ( A ( B and S ( B ( C denote two relations.  Suppose the composed relation R ( S ( A ( C defines a function from A to C, that is, for each x ( A there exists one and only one y ( C such that (x, y) ( R ( S.  Give an example to show that the relation R is not a function defined from A to B.  (Similarly, you may use an example to show that the relation S is not a function, even though the composed relation R ( S defines a function from A to C.)
3. (10 pts.) Let g: A ( B be an arbitrary function, and C ( A and D ( B be two arbitrary subsets.  Define the notation g(C) = {g(x) | x ( C} as the set of all images of those elements in C.  Similarly, define g–1(D) = {x | x ( A and g(x) ( D} as the set of pre-images of those elements in D.  For example, define a function g: {1, 2, 3} ( {a, b, c, d}, with g(1) = g(2) = a, and g(3) = b.  Then, g({1, 2}) = {g(1), g(2)} = {a}; g–1({b, c, d}) = {3} because 3 is the pre-image of b, and c, d have no pre-images.  (Note that the notation g–1(D) is used regardless whether the function g is a bijection or not.)  

Now answer each of the following questions independently of each other for an arbitrary function g: A ( B.

(a) Given two arbitrary subsets X ( B and Y ( B.  If X ( Y, prove g–1(X) ( g–1(Y).  

(b) Use a small example of a function g: A ( B, and two subsets X ( B and Y ( B, to show that that X ( Y is false but g–1(X) ( g–1(Y) is true.

(c) Suppose g: A ( B is a bijection.  Prove that g(g–1(X)) = X for each X ( B.  (Hint: Prove two parts: g(g–1(X)) ( X and X ( g(g–1(X)).)
(d) Suppose g: A ( B is a surjection, X ( B and Y ( B are two subsets.  If g–1(X) ( g–1(Y) = (, prove that X ( Y = (.  (Hint: Prove the contrapositive.)

4. (6 pts.) Let f: A ( B and g: A ( B denote two functions.  Answer each of the following two questions independently:

(a) If f ( g (i.e., there exists x ( A such that f(x) ( g(x)) and if h: B ( C is an injection, then prove the two composition functions h o f and h o g are not equal.

(b) If p: D ( A is a surjection and if f ( g, then prove the two composition functions f o p and g o p are not equal, that is, find an element x ( D such that f o p(x) ( g o p(x).
5. (4 pts.) Define a function f from R to R by the following formula (where R stands for the set of real number):

f(x) = x2  ( 2x.


Answer the following two questions with a short explanation:

(a) Is the function f an injection?  Is it a surjection?

(b) If we change the domain of the function f to [1, () = the set of real numbers that are ( 1, does that make the function an injection?

6.   (5 pts.) Define a function g: [1, () ( [2, () as follows:

g(x) = x + (1 / x).


Prove that g is a bijection, that is, prove g is an injection and is a surjection.  (Hint: Some algebra knowledge such as the quadratic formula will be useful.)











































































