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1. (6 pts.) The following Venn diagram shows three sets A, B, and C contained within a universe set named U.  In the diagram, different subsets (regions) are labeled by the numbers 1 through 8.  Thus, set A contains subsets labeled 1, 2, 4, and 5; set B contains subsets labeled 2, 3, 5, and 6; set C contains subsets labeled 4, 5, 6, and 7; set U contains subsets labeled 1 through 8 (i.e., the universe).  Now, give the labels (i.e., numbers) of the subsets that are contained in each of the following sets:









2. (24 pts.) Prove each of the following statements (a) – (f), assuming the symbols A, B, and C represent sets.  You are allowed to use appropriate definitions, and the following theorems and laws (but only these) in the proof.  Be sure to explain each step of your proof.

 (Commutative Law) A ( B = B ( A, A ( B = B ( A.

 
(Associative Law) (A ( B) ( C = A ( (B ( C),  (A ( B) ( C = A ( (B ( C).

 
(Distributive Law) A ( (B ( C) = (A ( B) ( (A ( C) , A ( (B ( C) = (A ( B) ( (A ( C) .
(Idempotent Property) A ( A = A, A ( A = A.

(De Morgan’s Law) ((A ( B) = (A  ( (B, ((A ( B) = (A ( (B.

 
(Double Negation) (((A) = A.

 
(Complementary Property) A ( (A = (, A ( (A = U, where U denotes the universe.

Theorem: (a) A ( B ( A. (b) A ( A ( B. (c) A ( ( = (. (d) A ( ( = A. (e) A ( B iff (B ( (A
(f) A ( B iff A ( (B = (. (g) A ( B = A ( (B. (h) (A ( B and B ( C) implies A ( C. (i) A ( B implies A ( C ( B ( C. (j) A ( B implies A ( C ( B ( C.
(a) (A ( B) ( B = B.

Note that (A ( B) ( B ( B --- (1), by Theorem (a).  

Also, B ( (A ( B), by Theorem (b), so B ( (A ( B) ( B --- (2), by the definition of ( .

Combining (1) and (2) proves (A ( B) ( B = B, by the definition of set equality.

(b) A ( (B ( C) = (A ( B) ( (A ( ((C)).
LHS 
= A ( ( (B ( C), by Theorem (g)


= A ( ( (B ( (C), by Theorem (g)


= A ( ((B ( C), by De Morgan’s law and (((C) = C


= (A ( (B) ( (A ( C), by distributive law


= (A ( B) ( (A ( (((C)), by Theorem (g) and (((C) = C

= (A ( B) ( (A ( ((C)), by Theorem (g)


= RHS.
(c) If A ( B, then A ( B ( B ( A.  
By the definition of set equality, A ( B means A ( B or B ( A.  Thus, there are two cases:

(Case One) if A ( B.  That is, there exists x ( A and x ( B.  Thus, x ( A ( B --- (1), by the definition of A ( B.  However, since x ( B, so x ( B ( A, by the definition of B ( A --- (2).  Combining (1) and (2) proves A ( B ( B ( A, by the definition of set equality.

(Case Two) if B ( A.  The proof for this case is similar to that of Case One, by the symmetry of the problem in A and B.
(d) If A ( B = (, then (A ( C) ( (B ( C) = ( .
We prove this statement by contradiction.  That is, we assume there exists x ( (A ( C) ( (B ( C) --- (1), then we prove (1) leads to a contradiction.  

From (1), x ( (A ( C) --- (2) and x ( (B ( C) --- (3), by the definition of (.  

Note that (2) implies x ( A, by the definition of (, and (3) implies x ( B, by the definition of set difference.  Thus, x ( (A ( B), which contradicts to the assumption that A ( B = ( .

(Note: The assumption A ( B = (  is actually redundant in the sense that we can find a contradiction based on (2) and (3) without using the assumption.  This is because (2) implies x ( C and (3) implies x ( C, which is a contradiction.)
(e) A ( (B ( C) = (A ( B) ( (A ( C).  
Note that (x, y) ( A ( (B ( C)



( x ( A and y ( (B ( C), by the definition of the Cartesian product (

( x ( A and (y ( B or y ( C), by the definition of (

( (x ( A and y ( B) or (x ( A and y ( C), distributive law of and over or


( x( (A ( B) or x( (A ( C), by the definition of the Cartesian product (

( x( (A ( B) ( (A ( C), definition of (
(f) If A ( B, then Power(A ( C) ( Power(B ( C).  (Hint: By the definition of the Power set, X ( Power(Y) ( X ( Y.)

To prove Power(A ( C) ( Power(B ( C),we need to prove if X ( Power(A ( C) --- (1), then X ( Power(B ( C) --- (2), by the definition of (.

From (1), we have X ( A ( C --- (3), by the definition of the Power set.

Since A ( B by assumption, so together with (3) we have X ( B ( C --- (4), by Theorem (i) given above.  Finally, (4) implies X ( Power(B ( C), by the definition of the Power set, which proves (2).
3. (4 pts.) Disprove each of the following statements using a “small” counter example, where A, B, C denote sets.

(a) If A ( C = B ( C, then A = B.

Let A = {1, 2}, B = {1, 2, 3}, and C = {3}.  Thus, A ( C = B ( C = {1, 2, 3}.  However, A ( B.

(b) If A ( B = A, then B = (.
Let A = {1}, B = {2}.  Thus, A ( B = {1} = A, but B ( (.
4. (6 pts.) Let A denote a non-empty set of symbols (i.e., an alphabet), and let W, X, and Y denote sets of strings over A, i.e., W ( A*, X ( A*, and Y ( A*.

(a) Prove that if X ( W, then WX ( W* = W*.

Note that W* ( WX ( W*, by Theorem (b) given above.  Thus, in order to prove WX ( W* = W*, we only need to prove WX ( W*( W* --- (1).

Since X ( W by assumption, so 


WX 
( WW, by the definition of string concatenation


       
( W*, by the definition of W*

Thus, WX ( W*( W*( W*, by Theorem (i) given above



   = W*, by the idempotent law

Thus, (1) is proved.

(b) Give a small example of sets W and X that shows the statement W*X* = (WX)* is false. Let A = {a, b}, W = {a}, X = {b}.  Thus, W* = {(, a, aa, …}= {an | n ( 0}.  Similarly, X* = {(, b, bb, …}={bm | m ( 0}.  Thus, W*X* = { anbm | n ( 0 and m ( 0}.  However, since WX ={ab}, so (WX)* = {(, ab, abab, …}= {(ab)n | n ( 0}.  Therefore, W*X* ( (WX)*.  For example, the string abab ( (WX)* but abab( W*X*.  Thus, W*X* ( (WX)*.

((A ( B). Contains areas 7, 8.


(A – B) ( C. Contains areas 1, 4, 5, 6, 7.


{x| x ( A and (x ( B or x ( C)}. Contains areas 1, 4, 5.
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