COT3100.01, Fall 2000

 



 

S. Lang
Solution Key to Assignment #3 (40 pts.)
Due: 10/24 in class

First, we define some terms and notations.

Definition.  Consider a binary relation R ( A ( B.  The inverse of R, denoted R–1, is a binary relation ( B ( A such that R–1 = {(b, a) | (a, b) ( R}, that is, R–1 contains pairs of elements which have the reverse order as they are in relation R.  (In some text R–1 is called the converse of R, denoted Rc.)

Definition.  Let R ( A ( A denote a binary relation.  The following relations defined over A are called closures:

(a) The reflexive closure of R is r(R) = R ( {(a, a) | a ( A}.

(b) The symmetric closure of R is s(R) = R ( R–1.

(c) The transitive closure of R is t(R) = R ( R2 ( R3 ( ..., where R2 = R ( R, R3 = R2 ( R, etc., where ( denotes relation composition.  Thus, (a, b) ( t(R) (   (a, b) ( Rn,  for some n ( 1  ( there exist a1, a2, …, an ( A, an = b, for some n ( 1, such that (a, a1), (a1, a2), …, (an(1, an) ( R, i.e., there exists a direct path of n edges connecting a to b in the digraph for the relation R.
It can easily be seen that the names of these closures are justified in that for any binary relation R, r(R) is reflexive, s(R) is symmetric, and t(R) is transitive.  In fact, the relation r(R) is the smallest relation containing R and is also reflexive; s(R) is the smallest relation containing R and is symmetric; t(R) is the smallest relation containing R and is transitive.  Also, we can define the composition of these closures, e.g., tr(R) = t(r(R)), rs(R) = r(s(R)), etc.  

The following figures show a binary relation R depicted by its digraph representation, and the corresponding closures:









Now, answer the following questions neatly and concisely.  All proofs need to be justified by using the appropriate definitions, theorems, and logical reasoning.

1. (15 pts.) Let A denote an arbitrary non-empty set, and R and T denote arbitrary binary relations defined over A.  Determine if each of the following statements is true or false, and give a brief explanation of your answer.  In the cases of a false statement, use A = {a, b, c} and appropriate relations over A for your counter-example.
(a) If R is irreflexive and T is irreflexive, then R ( T is irreflexive.

Proof: There are no pairs of the kind (a, a) ( R (because R is irreflexive by assumption), and there are no pairs of the kind (a, a) ( T (because T is irreflexive by assumption).  Thus, there are no pairs of the kind (a, a) ( R ( T, making R ( T is irreflexive.

(b) If R ( T, then s(R) ( T.
Disproof: Let R = T = {(a, b)}.  Thus, R–1 = {(b, a)}, and s(R) = R ( R–1 = {(a, b), (b, a)}.  Therefore, this example shows R ( T (actually R = T) but s(R) ( T is false.
(c) If R is transitive and T is transitive, then R ( T is transitive.
Proof: To prove R ( T is transitive, let (a, b) ( R ( T --- (1) and (b, c) ( R ( T --- (2), we need to prove (a, c) ( R ( T --- (3).  From (1) and (2), (a, b) ( R and (b, c) ( R; thus, (a, c) ( R --- (4) because R is transitive by assumption.  Similarly, from (1) and (2), (a, b) ( T and (b, c) ( T; thus, (a, c) ( T --- (5) because T is transitive by assumption.  Combining (4) and (5) yields (a, c) ( R ( T, which proves (3).
(d) If R is symmetric, then R–1 = R.
Proof: We prove R–1 ( R --- (1) and R ( R–1 --- (2).  To prove (1), let (a, b) ( R–1--- (3), we need to prove (a, b) ( R --- (4).  Note that (3) implies (b, a) ( R --- (5), by the definition of R–1.  Since R is symmetric by assumption, so (5) implies (a, b) ( R, which proves (4).  Similarly, we can prove (2). 
(e) R = R ( {(a, a) | a ( A}, where the relation {(a, a) | a ( A} contains exactly the self-loops in the directed graph using set A as the vertex set.
Proof: First, we name L = {(a, a) | a ( A}.  We now prove R ( R ( L --- (1) and R ( L ( R --- (2).  To prove (1), let (a, b) ( R, we need to prove (a, b) ( R ( L --- (3).  Note that composing the pairs (a, b) and (b, b) gives (a, b) ( (b, b) = (a, b) --- (4).  Since the pair (b, b) ( L, so (4) implies (a, b) ( R ( L, which proves (3).  To prove (2), let (c, d) ( R ( L --- (5), we need to prove (c, d) ( R --- (6).  From (5), the pair (c, d) must be the composition of a pair from R and a pair from L, but since every pair in L is of the kind (x, x), so (5) implies (c, d) = (c, d) ( (d, d) and (c, d) ( R.  Thus, (6) is proved.
2. (6 pts.) Given the set A = {0, 1, 2, 3, 5}, define a relation T over A such that T = {(a, b)| a ( A, b ( A, and a2 + ab is an even integer}.  Answer the following two questions.

(a) Use a directed graph to depict the relation T defined above.









(b) Determine if relation T satisfies each of the properties: reflexive, anti-symmetric, and transitive. Give a brief explanation for your answer.

Note that a2 + ab = a(a + b), which is even iff a is even or both a, b are odd.  Therefore, the relation T is reflexive.  T is not anti-symmetric because, for example, both (1, 5) and (5, 1) ( T.  T is transitive because if (a, b) ( T and (b, c) ( T, then there are two cases: (1) a is even; or (2) when a is odd, then b is odd because (a, b) ( T, so both b and c must be odd because (b, c) ( T; thus a and c are odd in case (2).  Therefore, in both cases (a, c) ( T, making T transitive.

3. (12 pts.) Prove the following three statements for an arbitrary relation R defined over a set A.

Note that you may use these laws concerning arbitrary relations R and T (and their inverses) defined over set A: 

(R–1)–1 = R; (R ( T)–1 = R–1 ( T–1; (R ( T)–1 = R–1 ( T–1; (R ( T) ( (R–1 ( T–1).

(a) (r(R))–1= r(R–1).

Proof: First, we name L = {(a, a) | a ( A}. Note that 

(r(R))–1= (R ( L)–1, by the definition of r(R)


= R–1 ( L–1, by the law specified above


= R–1 ( L, because L–1= L since L contains only self-loops


= r(R–1), by its definition.

(b) If s(R) ( R–1, then R = R–1.

Proof: We prove R ( R–1 --- (1) and R–1 ( R --- (2).  To prove (1), note that


R 
( s(R), since R ( R–1 by definition


( R–1 by assumption,

so (1) is proved by transitivity.

Since s(R) is symmetric, so (s(R))–1= s(R), as proved in Question 1(d).  Thus, the assumption s(R) ( R–1 implies s(R) = (s(R))–1( (R–1)–1 = R, using the laws specified above.  Therefore, R–1 ( s(R) ( R, which proved (2).

(c) t(R2) ( (R ( t(R)). 

Let (x, y) ( t(R2) --- (1), we need to prove (x, y) ( (R ( t(R)) --- (2).

From (1), (x, y) ( (R2)n,  for some n ( 1; that is, there exist a0, a1, a2, …, an ( A, a0 = x, an = y, and (a0, a1), (a1, a2), …, (an(1, an) ( R2.  By the definition of R2, each pair (ak, ak+1) in this sequence is the composition of two pairs of R, that is, there exists bk ( A, such that (ak, ak+1) = (ak, bk) ( (bk, ak+1), (ak, bk) ( R and (bk, ak+1) ( R, for each k = 0, 1, …, n ( 1.  Thus, the pair 

(x, y) = ((a0, b0) ( (b0, a1)) ( ((a1, b1) ( (b1, a2)) ( … ( ((an(1, bn(1) ( (bn(1, an)), where each pair in the sequence belongs to R,


= (a0, b0) ( ((b0, a1) ( (a1, b1) ( (b1, a2) ( … ( (an(1, bn(1) ( (bn(1, an)), by the associative law

This last expression shows that (x, y) ( (R ( t(R)) because (x, y) is the composition of the pair (a0, b0) in R and a pair in t(R), so (2) is proved.

4. (7 pts.) The following directed graph depicts a binary relation R defined over the set A = {1, 2, 3, 4}.  

(a) Determine if R satisfies each of the following properties: reflexive, irreflexive,  symmetric, and anti-symmetric.  Give a brief explanation for your answer.

R is not reflexive because, for example, (1, 1) ( R.  
R is irreflexive because no pairs of the kind (a, a) belongs to R.

R is not symmetric because, for example, (1, 2) ( R but (2, 1) ( R.

R is anti-symmetric because whenever (a, b) ( R and a ( b, then (b, a) ( R is true.

(b) Determine each of the following sets: R2, R3, R4, and the transitive closure t(R).  (Note that since the digraph has 4 vertices, t(R) = R ( R2 ( R3 ( R4, a finite union.)
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R2 = {(1, 3), (2, 1), (2, 4), (3, 2), 


         (3, 4)}


R3 = R2 ( R = {(1, 1), (1, 4), (2, 2), 


       (2, 4), (3, 3)}


R4 = R2 ( R2 = {(1, 2), (1, 4), 


       (2, 3), (3, 1), (3, 4)}


Thus, t(R) = R ( R2 ( R3 ( R4


     = {(1, 1), (1, 2), (1, 3), (1, 4),


          (2, 1), (2, 2), (2, 3), (2, 4),


          (3, 1), (3, 2), (3, 3), (3, 4)}
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Thus, the relation T contains all pairs of A ( A except for those from an odd number to an even number, that is,





T = (A ( A) ( {(1, 0), (1, 2), (3, 0),  


                        (3, 2), (5, 0), (5, 2)}.
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