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1)(10pts) Prove by induction that for any integers a and b (a(b) | (an(bn), where n is a positive integer, n (1. 

(Hint: use induction on n and for the inductive step relate ak+1(bk+1=a(ak(bk)+…?)

Proof. We are going to prove by induction on n(1, that for any integers a and b, (an(bn) is divisible by (a(b). By the definition of divisibility it is sufficient to prove that for any n (1, for any a and b there exists an integer m such that (an(bn)=m((a(b). 

Basis. n=1, ((a(b) = 1((a(b).

IH. Assume that proposition is true for n=k, where k is some integer, k(1. In other words, we assume that for some k(1 and any a and b there exists an integer m such that (ak(bk)=m((a(b).
IS. We need to prove that the proposition holds for n=k+1, i.e. for any a, b there exists some integer s, such that (ak+1(bk+1)=s((a(b) 

To reduce k+1 case to the case n=k, we consider the following identity: 

ak+1(bk+1= a(ak(bk)+a bk(bk+1= a(ak(bk)+bk (a(b)

By IH we have for these a and b some integer m such that (ak(bk)=m((a(b), so:

a(ak(bk)+bk (a(b) =a m((a(b) + bk (a(b)

So, ak+1(bk+1= ((a(b) (a m+ bk)= ((a(b) s, where s= a m+ bk.
We proved IS, and by Induction Principle the proposition is true for any n (1.

2)(10pts) A sequence of numbers an is defined recursively as follows: 


a0=0;


an+1=2(an+1, for n(0 

Prove that an=2n(1.

Proof by induction on n(0, that the recursively defined sequence satisfies the closed formula an=2n(1.

Basis. n=0, a0=0, that agrees with the formula a0= 20(1=1(1=0.

IH. Assume that for n =k, k is an integer k(0, that the formula is correct, i. e. ak=2k(1.

IS. We need to prove the formula for n =k+1, i.e . that ak+1=2k+1(1.

ak+1=2(ak+1  (by recursive definition)

     = 2(2k(1)+1   (by IH)

     = 2k+1(2+1=2k+1(1  

QED

3)(10pts) Let A be a set with |A|=n. Use induction to prove that for any n(2 the number of subsets of A that have 2 elements is n(n(1)/2.

Proof by induction on  n(2 that a set of n elements has n(n(1)/2 subsets of 2 elements. 

Basis. n=2. A set of two elements has only one subset of two elements, that is set itself.

IH. Assume that for n=k, k is some integer k(2, any set of k elements has k(k(1)/2 subsets of 2 elements.

IS. We need two prove that any set of k+1 elements has (k+1)k/2 subsets of 2 elements.

Take any set of k+1 elements. Select one element x, then all subsets of 2 elements either contain x or not. The number of subsets that do not contain x, equals to the number of subsets of a set if k elements, that is k(k(1)/2 by IH. Any subset of two elements that already contains x, may have the second element picked from the remaining k,so there are k possible subsets of two element that contain x. Then the total number of subsets is k(k(1)/2 +k=(k+1)k/2 
IS is proved and by Inductive Principle it is proved for any n(2 .  

4)(5pts) Let a and b be positive integers. Prove that if ax+ by=1 for some integers x and y, then a and b are relatively prime. 


Proof by contradiction. Assume that a and b are not relatively prime, that means that there exists some common divisor d >1, where d | a and d | b. Then d | (ax+ by), or d | 1, that is a contradiction.  

5) a) (5pts)Use Euclid algorithm to find gcd(56, 147)


147=56(2+35


 56=35(1+21


 35=21(1+14


 21=14(1+7


 14=7(2

gcd(147, 56)=7

b) (5pts) Using Euiclid algorithm, show that gcd can be represented as a linear combinations of 56 and 147. 


7= 21( 14


  = 21( (35(21)=2(21(35


  =2((56 (35) (35 =2(56 (3(35


  =2(56 (3((147(56(2)=8(56(3(147

c) (5pts) Find an integer solution of the equation 56x + 147y =14 


Using 8(56(3(147 = 7, we have that 56(16+147((-6)=14, so x=16, y=-6 is a solution. 

6) Consider the following DFA. 










a) (5pts) Give a sequence of configurations of the DFA for the input string 

   w=aabbbba.

(q0, aabbbba) ((q0, abbbba) ((q0, bbbba) ((q1, bbba) ((q2, bba) ((q2, ba) (
(q2, a) ((q3, ()

b) (3pts) Is w accepted by the DFA?


Since q3 is not an accepting state, w is not accepted. 

c) (10pts) Give a regular expression of strings accepted by the DFA.


R=a*bbb*
7) (7pts) Prove or disprove that if X*=Y*, then X=Y. 


It can be disproved by the following counterexample:


X={a}, Y={a, aa}, because X*=Y*, but X (Y.
8) Give the regular expressions for the following languages:

a) (10pts) Set of strings over (={a, b} that contain even number of a’s (including no a’s).

 
(b*ab*ab*+b)*
or 
b*(ab*a)* b*
b) (10pts) Set of strings over (={a, b}, that do not contain aa. 

(abb*)*((+a)

9) (10pts) Consider two languages represented by regular expressions: L1= (abc*)* and 

L2  = (ab+c*)*. Prove or disprove that L1 = L2

L1( L2 because, for instance, c( L2 but c( L1
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