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1. For each of the Venn diagrams write the set represented by shaded area in terms of set operations on sets A, B and C. Try to simplify your answer to as few symbols as you can. 
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 a) (4pts) Ans: A(B(C
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b) (4pts). Ans: B (C ( A(C


c) (4pts)  Ans. (B (C) ( (B (C)


2. (8pts). Use truth table method to determine whether the following statement is a tautology, contradiction, or neither:

[p((q((r)](((p(r)

    p    q    r   (p    (r    q((r
 
p((q((r)    (p(r    
[p((q((r)](((p(r)


    1    1    1      0      0      1
  
   1

1

       1

    1    1    0      0      1      1

   1

0

       1

    1    0    1      0      0      0

   0

1

       1

    1    0    0      0      1      1

   1

0

       1

    0    1    1      1      0      1
  
   0

1

       1

    0    1    0      1      1      1

   0

1

       1

    0    0    1      1      0      0

   0

1

       1

    0    0    0      1      1      1

   0

1

       1

(where 1 stands for True and 0 for False)

Since we have True in all rows of the last column, the statement [p((q((r)](((p(r)

is a tautology. 

3. (10pts). Use laws of logic to prove that (p(r)((q(r) is equivalent to (p(q)(r. 

Use one law at a step (except commutative and associative laws). Specify exactly what you do at each step. 

(p(r)((q(r) ( (( p( r) ( (( q( r)….(by implication law) 



( ((p (( q)( r………… (by distributive law)



( (((p(q))( r……………(by De Morgan’s law)



( (p(q)(r……………….(by implication law) 

4. Let A = {a, b, c, d, 1, 2, 3}. 

a) (5pts) How many four-element subsets does A have?

The number of 4-element subsets is C (7, 4) = 7!/(4!(3!)=35
b) (5pts) Find the number of subsets of A that contain two letters and two digits.

We can pick two letters out of four in C(4, 2)=4!/(2! (2!)=6 different ways. We can pick two digits out of three in C(3, 2)=3!/(1! (2!)= 3 different ways.

By the product rule we can pick two letters and two digits (that is the number of subsets of two digits and two letters) in 6(3=18 ways. 
c) (5pts) Find the number of subsets of A (all possible sizes) that contain either only letters or only digits.

There are 24=16 subsets (including the empty set) out of letters only. There are 23 =8 subsets (including the empty set) out of digits. So the total number of subsets only from letters or only from digits is 16+8(1 =23. (we don’t need to count the empty set twice).


d) (5pts) How many subsets of A contain at least one letter and no digits? 


We can simply count the number of subsets of the set of four letters except empty set. That will be subsets that contain at least one letter and no digits. This number is 24(1=15. 

5. Suppose A, B and C are arbitrary sets. 

a) (12pts) Prove or disprove that if A( B, then C(B (C(A. 

Proof. Assume A( B, i. e. for any x (x(A ( x(B )………… (1).

We need to prove that for any y (y( C(B ( y( C(A ).

So pick any element y( C(B , that means (y( C ( y ( B)…….(2)

By using the contrapositive of implication (1), which is (x(B ( x(A ),…………

we can imply from (2) that (y( C ( y ( A)…….(3)
(3) means, that  y ( C(A by the definition of the set difference. 

b) (12pts) Prove or disprove that (A(B)(C= A((B(C).  

It can be noted, that any element that belongs to A (C is in A((B(C) but is not in (A(B)(C (only the subset relation (A(B) (C (A((B(C) is true). 

So we can construct a counterexample to disprove the equality of two sets.

A = {a}, B = {b}, C= {a}. Then (A(B) = {a}, (A(B) (C = (. 

B(C ={b}, A((B(C) ={a} ( (A(B) (C = (. 

c) (8pts). Find the counterexample to disprove that  (A(B)(B=A. 

A ={a, b}, B ={b}, A(B ={a, b}, (A(B)(B ={a} ( A 
6. (8pts). Consider 10-digit numbers made from 10 different digits, when each digit is used only once. How many 10-digit numbers satisfy either one (or both) of two following criteria: 1) begin with 123, or 2) contain 45 in the 5-th and 6-th position and end with 0?

There are 7! 10-digit numbers that satisfy the first condition (begin with 123) and also 7!  10-digit numbers that satisfy the second condition. But 4! 10 digit numbers that satisfy both conditions. The total number of 10-digits satisfying either one condition is 7! + 7! ( 4!=10080 (24 =10056

7. (10pts). You throw three identical dice; each die has from one to 6 spots on its sides. How many different outcomes you may have if three dice are not distinguished? The examples of different outcomes will be for example, 112, 256, 234, etc., i.e. 112, 121 and 211 are considered as the same. 

We need to count here combinations (the order is not important) with repetitions (because different dice may give the same outcome). Each outcome of throwing of three dice can be considered as a distribution of three dice into six boxes, one for each outcome 1, 2, …6. So, we should count permutations of three dice and five separators between boxes, i. e. permutations of (3+5) objects, among which 3 are identical and 5 are identical. This number is 8!/(5! (3!) = 56.
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