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1. Consider the relation R = {(a, c), (b, d), (c, c), (d, a), (d, b)} on the set A ={a, b, c, d}. 

a) (3pts) Find r (R), the reflexive closure of R.

r (R) = R ( {(a, a), (b, b), (c, c), (d, d)}= 

              = {(a, c), (b, d), (c, c), (d, a), (d, b), (a, a), (b, b), (d, d)}

b) (3pts) Find s (R), the symmetric closure of R.

s(R) = R ( R –1 = {(a, c), (b, d), (c, c), (d, a), (d, b), (c, a), (a, d)}

c) (4pts) Find t (R), the transitive closure of R. 

One way is to find powers of R 
R2 = {(a, c), (b, b), (b, a), (c, c), (d, c), (d, d)};


R3 = {(a, c), (b, d), (b, c), (c, c), (d, a), (d, b), (d, c)};


R4 = {(a, c), (b, b), (b, c), (c, c), (d, d), (d, c)}

Or it is possible to take all pairs connected with a path:

  t (R) = {(a, c), (b, d), (b, b), (b, a), (b, c), (c, c), (d, a), (d, b), (d, d), (d, c)}

2. (8pts) Suppose R is a relation on a set A. Prove or disprove, that if R is symmetric and transitive, then R is reflexive. 

The proposition is false and can be disproved by the following example:

A={x, y, z}, R={(x, x), (x, y), (y, x), (y, y)} is symmetric and transitive, but is not reflexive, because (z, z) ( R. 

3. Let R and S be relations on X. Determine whether each statement is true or false. If the statement is false, give a counterexample. 

a) (5pts) If R and S are symmetric, then R(S is symmetric

True.

b) (5pts) If R and S are symmetric, then R(S is symmetric

True.

c) (5pts) If R and S are symmetric, then R o S is symmetric

False. Counterexample: R ={(a, b), (b, a)}, S ={(b, c), (c, b)}, both are symmetric.

But R o S ={(a, c)} is not symmetric. 

d) (5pts) If R is symmetric, then R-1 is symmetric.

True. 

4. (8pts) Let R ( A(A be a transitive relation. Prove or disprove that s(R) is transitive.
It can be disproved by the following counterexample. Take R ={(x, y)}, a transitive relation. s(R) = {(x, y), (y, x)} is not transitive, since it does not contain self-loops (x, x) and (y, y). 
5.  Let A ={1, 2, 3, 4, 5}( {1, 2, 3, 4, 5} and define R on A by (x1, y1)R(x2, y2) if x1+ y1= x2+y2. 

a) (7pts) Verify that R is equivalence relation. Explain your conclusion. 

We should check that R is reflexive, symmetric and transitive. 

R is reflexive, because for any (x, y) ( A we have obviously x+y = x+y, that means 

(x, y)R(x, y).

R is symmetric, because x1+ y1= x2+y2 implies x2+ y2= x1+y1.  

It means, that if (x1, y1)R(x2, y2), then (x2, y2)R(x1, y1).

R is transitive, because x1+ y1= x2+y2 and x2+ y2= x3+y3 imply x1+ y1= x3+y3.

It means that if (x1, y1)R(x2, y2)  and (x2, y2)R(x3, y3), then (x1, y1)R(x3, y3).

b) (7pts) Determine the equivalence classes [(1, 3)], [(2, 4)], and [(1, 1)].

[(1, 3)] = {(1, 3), (2, 2), (3, 1)}


[(2, 4)] = {(1, 5), (2, 4), (3, 3), (4, 2), (5, 1)}


[(1, 1)] = {(1, 1)}

c) (10pts) Determine the partition of A induced by R. (Write the set A as {A1, A2, … An}, where sets Ak  represent the partition induced by R on A).

    A = {{(1, 1)}, 

{(1, 2), (2, 1)}, 

{(1, 3), (2, 2), (3, 1)}, 

{(1, 4), (2, 3), (3, 2), (4, 1)}, 

{(1, 5), (2, 4), (3, 3), (4, 2), (5, 1)}, 

{(2, 5), (3, 4), (4, 3), (5, 2)}, 

{(3, 5), (4, 4), (5, 3)}, 

{(4, 5), (5, 4)}, 

{(5, 5)}}.

6. Given g = {(1, b), (2, c), (3, a)} a function from X ={1, 2, 3} to Y ={a, b, c, d}, and f ={(a, x), (b, x), (c, z), (d, w)}, a function from Y to Z ={w, x, y, z}. 

a) (3pts) Write f o g as a set of ordered pairs and draw the arrow diagram of f o g; 

f o g ={(1, x), (2, z), (3, x)}

b) (5pts) Determine if f o g is injective or surjective.  Explain your answer. 


f o g  is not injective, because we have f o g(1) = f o g(3).


f o g  is not surjective, because y (Z has no pre-image, i. e. none of the elements from X are mapped to y by f o g: f o g(1) = f o g(3) =x, f o g(2)=z. 

7. (8pts) Let A = R ( {(1} (where R is set of real numbers) and define the function 

f : A ( R by the formula 
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. Prove that f is injective but not surjective. 

1) To prove that f (x) is injective, it is sufficient to show that if f (x1)= f (x2), then x1=x2. So, assume f (x1)= f (x2). Then we have 

2 x1/(x1+1) = 2x2/(x2+1). 

Using the fact that denominators are not zero (x1 , x2  ( (1) we get by algebra :

2 x1((x2+1) = 2 x2((x1+1),



or: 

2 x1(x2+ 2 x1 = 2 x2(x1+.2 x2



x1 = x2

    2) To prove that f (x) is not surjective, it is sufficient to find the value y (R, that has no pre-image in A. To find such y let y = 2x/(x+1) and try to solve for x as a function of y. We have by algebra:



y (x+1)=2x


x(2 (y)=y



x = y/(2(y). 

From here we see, that if we take y = 2, then there is no real x such that f (x) =2. 

8. (14 pts)Let f : A ( B and g : B ( C denote two functions. Prove that if the function g o f : A ( C is a surjection, and g is an injection, then the function f is a surjection. 

Proof. Assume that g o f is a surjection and g is an injection. To prove that f is surjection, we need to show that for any element of B,  b(B, there exists at least one pre-image a(A, i. e. f (a) = b. Take an arbitrary b(B. Since g is a function, g: B ( C, there is a unique image g (b)=c. Since g o f is a surjection, there exists at least one pre-image of c for the function g o f : A ( C, i. e. there exists at least one element a(A, such that g( f (a)) =c. g (b)=c and g( f (a)) =c imply by injective property of g that 

f(a) = b . So, we showed, that for arbitrary b(B there exists at least one a(A such that f(a) = b. 

Extra Credit. 

9. (10pts) Let f : A ( B be a function. Then for any C ( A we can define a set of images 

f (C) ={f (x) | x( C} and for any D(B we can define the set of pre-images: f –1(D) ={x(A | f (x) ( D}. 

Prove or disprove that for any D(B,  f (f –1(D)) = D.

Note that f (f –1(D)) ( D is always true, but f (f –1(D)) (D may be false in case function f is not surjective. So, the equality may be disproved by a counterexample with a not surjective function f .  If D includes an element without a pre-image, this element will not belong to f (f –1(D)) .

Counterexample: A ={1, 2,}, B ={x, y, z}, f (1)=x, f(2)=y. Take D ={y, z}, then 

f –1(D) = {2},  f (f –1(D)) ={y}, so D is not a subset of f (f –1(D)) . 
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