COT 3100 Exam #1

2/15/01

Name: ____________

Lecturer: Arup Guha

TA: _______________

Section #:___________

(Note: You will have 75 minutes for this exam. There are 100 points total to be earned. So, you should spend no more than about 15 minutes for 20 points. On some questions you can not earn partial credit. Make sure to read AND follow all the directions. If you need extra room for your work, put it on the last page of the exam before the charts, and CLEARLY number what problem’s work you are continuing.)

1) (10 pts) Using only the laws of logic, show that (((p ( (q) ( (p ( ((r ( (q ( r))) is logically equivalent to p ( q.

(((p ( (q) ( (p ( ((r ( (q ( r))) ( (((p ( ((q) ( (p ( ((r ( (q ( r)))  DeMrgans





         ((p ( q) ( (p ( ((r ( (q ( r)))  Double Negation





         ( (p ( q) ( (p ( (((r ( q) (((r ( r))) Distributive

 

         ((p ( q) ( (p ( (((r ( q) ( F)) Inverse 



         ((p ( q) ( (p ( ((r ( q))  Identity

 

         ((p ( q) ( ((p ( q) ((r)  Comm/ + Assoc. 



         ((p ( q), Absorption 

2) (10 pts) Consider the following argument: Either I will go out to a movie tonight, or I will go out drinking. If I go out drinking, then I will not get to bed until 3 am. If I don’t get to bed until 3 am or if I forget to set my alarm clock, I will wake up after 11 am tomorrow. I did not go out to watch a movie, therefore I did not wake up until after 11 am the next day. Let each of the following variables stand for the following statements:

p: I will go to a movie.

q: I will go out drinking

r:  I will not get to bed until 3 am.

s:  I will set my alarm clock

t:  I will not wake up until after 11 am.

State the four premises in terms of these variables. What is the conclusion drawn from these premises? Prove that the conclusion is valid using the rules of inference.
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3) (10 pts) How many permutations of the word MISSISSIPPI do NOT contain the substring MISS? Leave your answer in factorials and make sure to justify your answer.

# of permutations of MISSISSIPPI = 11!/(4!4!2!)

# of permutations of MISSISSIPPI with MISS in it can be counted as follows:

Let MISS be one mega-letter. The other letters left are I, S, S, I, P, P, and I. There are 8 total objects to permute. Of these, there are 3 I’s, 2 S’s, and 2 P’s.  The total number of permutations is 8!/(3!2!2!). We need to make sure that we are not over counting.  Indeed, since the letter M is unique, it is impossible for us to be double counting when the MISS is in two different locations. (Notice that this is NOT true if we were considering the substring ISS!)

Thus, our final answer is 11!/(4!4!2!) – 8!/(3!2!2!) 
4) (10 pts) Let A, B and C be finite sets. You are given the following information pertaining to the sets’ cardinality: |A|+|B|+|C| = 25, |B(C| = 15, and |A(B(C| = 4. What is the value of |A ( (B ( C)|? Justify your answer. (Hint: Use the inclusion-exclusion principle, twice.)

First consider the following:

|B ( C| = |B| + |C|  – |B ( C|

Solving for |B ( C| we find

|B ( C| =|B| + |C|  – |B ( C|

Now, we can use this to find the desired value as follows:

|A ( (B ( C)| = |A| + |B ( C| – |A (B ( C|



= |A| + (|B| + |C| – |B ( C|) – |A (B ( C|


            = (|A| + (|B| + |C| ) – |B ( C| – |A (B ( C|



= 25 – 15 – 4 



= 6

5) (20 pts) Let A = {3, 5, 7, 12, 19, 25, 32, 134}. Answer the following counting questions about this set, giving a short justification for each answer.

  a) How many subsets does A have?


28= 256, using total number of subsets formula
   b) Let sum(X) denote the sum of the elements in the set X. How many subsets X of A  

      are there such that sum(X) > 134?


Since  3+5+7+12+19+25+32 < 134 we conclude that all the subsets we are 


counting must contain 134. Of these, we want to count all of them except


for {134}. The total number of subsets containing 134 is 27, since we have


a choice as to whether or not to place an element in the subset for 7


elements. So, our final answer is 27 – 1 = 127.
  c) How many subsets of A contain at least 1 odd number?


Total # of subsets from part a = 256.


Total # of subsets containing only even numbers = 23 = 8, since there are



three even elements.


Answer = 256 – 8 = 248
  d) How many subsets of A contain exactly 1 number less than 10?

# of ways to choose exactly 1 number < 10: 3C1  = 3

# of ways to choose the rest of the numbers: 25 = 32, because there


are 5 numbers greater than 10 to choose from.

Since there are independent choices, there is a total of 3x32 = 96

different subsets that meet these qualifications.

6) (10 pts) You are buying girl scout cookies. You want to buy 8 boxes of cookies. There are 5 different kinds available. There is an ample supply(more than 8 boxes) of all kinds of cookies except for thin mints. There are only 3 boxes of thin mints left to buy. How many different ways can you buy the 8 boxes of cookies?


Without the restriction, we have a standard problem of combinations WITH


repetitions. In particular, we have 5 different objects to choose from, and we


are actually purchasing 8 total objects. Using the formula from the book, this


can be done in (8+5-1)C8 ways.


Now, we can not count all of these combinations. In particular, we must leave


out the ones where there are more than 3 boxes of thin mints. To count these,


assume we have already picked 4 boxes of thin mints. Now we have 4 more


boxes to buy, with a choice of 5 different kinds for each. Using the same 


formula, this can be done in (4+5-1)C4 ways.


Thus, the final answer is in 12C8 - 8C4 = 425

7) (10 pts) For arbitrary sets A, B, and C, prove or disprove: ((A ( B) ( (B ( C)) ( (A ( C).

Not true. Consider the following counter-example: A = {2}, B = {1} C={2}.

Here, A is not a subset of B, B is not a subset of C, BUT A is a subset of C.

8) (15 pts) For arbitrary sets A and B, prove or disprove: (A ( B) ( (B – (A = A)


First we will prove (A ( B) ( (B – (A = A).


We must show that the sets B – (A and A are equal.


First we will show that B – (A ( A.


B – (A ( U – (A because B ( U. (More formally, if x( B – (A, then x(B 


and x((A. But for all elements x, x(U. Thus, by defn of set complement,


x( U – (A.)


U – (A = U ( ((A = U ( A = A.


Thus, B – (A ( A. 


It remains to be show that A ( B – (A.


Let x(A. We must show that x( B – (A.


If x(A, then we must have x(B, since A ( B.


Also, we must have that x ((A, by the definition of complement.


Putting these two facts together, with the definition of complement


again, we find that x( B – (A as desired.


Now, the other direction. We will show that 

((A ( B) ( ((B – (A = A).


We must show that B – (A ( A.


We are given that A ( B. This means that there exists an x such that x(A 


and x ( B. Clearly, we have x( B – (A, by defn of set complement and the


fact that x ( B. Furthermore, we have that x(A. Thus, precludes the two


sets from being equal since x is in one of the sets, but not the other.

9) (5 pts) What city do the Orlando Rage play their home football games? Orlando
