COT 3100 Spring 2001 Solutions
Exam #2

3/22/01

Name: _________________

TA: ___________________

Section #:_______________

(Note: You will have 75 minutes for this exam. There are 100 points total to be earned. So, you should spend no more than about 15 minutes for 20 points. On some questions you can not earn partial credit. Make sure to read AND follow all the directions. If you need extra room for your work, put it on the last page of the exam before the charts, and CLEARLY number what problem’s work you are continuing.)

1) (10 pts) True/False: Circle the correct answer. Please be clear with your answer!!!(+1 for a correct answer, 0 for no response, and –1 for an incorrect response.)

a) Let f be function f: A ( A. If |A| is finite and 

True



    f is an injection, then f is a bijection.

b) The relation {(1,1), (2,3), (4,5)} is antisymmetic.

True



c) Let A={2,4,5,8}. The number of possible reflexive
True



    relations R that are subsets of AxA is 212.

d) Let f be a function f: Z( Z, with f(n)=2n - |n|. f is
True



    an injection.

e) Partial Ordering relations are always symmetric.



False

f) The number of bijections from a set of size 10 to

True



    another set of size 10 is 10!

g) If a relation R is symmetric and transitive, then it



False

    is definitely NOT irreflexive.

h) Let R ( AxA such that R is a function. Then R-1



False

    is necessarily a function.

i)  The equivalence relation R = {(a,b) | a/10 = b/10 and


False

     a(Z and b(Z.} has a finite number of equivalence

     classes.

j)  Let R ( AxA such that R is a function. Then R(R is
True



     necessarily a function.

2)  Let R and S be relations of AxA. (A={a,b,c,d}) Let R={(a,b), (d,c), (b,c), (c,c)} and S={(c,d), (b,d), (a,a), (d,b)}.

a) (2 pts) What is s(R)? 

s(R) = { (a,b), (b,a), (d,c), (c,d), (b,c), (c,b), (c,c) }
b) (2 pts) What is t(S)? 

t(S) = { (c,d), (b,d), (a,a), (d,b), (d,d), (b,b), (c,b)  }
c) (5 pts) What is R-1(S-1? 

R-1  = { (b,a), (c,d), (c,b), (c,c) }

S-1 = { (d,c), (d,b), (a,a), (b,d) }
R-1(S-1 = { (b,a), (c,c), (c,b), (c,d) }
3) (10 pts) Let f(x) = log3(4x + 3), with the domain being all real numbers greater than 

–3/4 and the range being all real numbers. Find the inverse of this function, as well as the domain and range of the inverse function. (Remember, if logba = c, then bc=a.)

x = log3(4y + 3), by defn of log we have

4y + 3 = 3x
4y = 3x – 3

y = (3x – 3)/4
4) (10 pts) You are given functions f and g(f:A(A, g:A(A) such that f(g(x)) = g(f(x)) for all values of x. Prove or disprove: If f is an injection, then g is an injection as well.
Disprove. Let A = {1,2}, f = { (1,1), (2,2) }, g = { (1,1), (2,1) }.

In this situation, we have f(g = { (1,1), (2,1) } and g(f = { (1,1), (2,1) } but g is not an injection, even though f is.

5) (10 pts) Prove or disprove: If R is a relation such that R(AxA and R is transitive, then R(R = R.

Disprove. Let R = {(1,2)}, then we have R(R = (.

6) (10 pts) Let R be a relation such that R ( A x A, with A = {1,2,3,4,5,6,7,8}. If each possible set R is equally likely, what is the probability that R is not symmetric? (Note: the probability of R satisfying a particular property is simply the number of subsets R that satisfy that property divided by the total number of possible subsets R. So, if A={1,2}, the probability that (1,2)(R is 8/16 = 1/2 because R could be 16 possible sets; eight of which contain the element (1,2).)

Total number of relations R = 2|A||A| = 2(8)(8) = 264.

Total number of relations that are symmetric...

We are free to choose any of the 8 ordered pairs of the form (a,a).

Of the remaining 64 – 8 = 56 ordered pairs, we are only free to choose ½ of them.

You can split these 56 ordered pairs into 28 groups. Each group will contain two ordered pairs of the form (a,b) and (b,a), where a(b. You are free to choose each of these groups to add into the relation R.

Thus, you can choose from 8 + 56/2 = 36 “groups” of elements. 

This means that there are a total of 236 symmetric choices for R.

That leaves 264 – 236 choices for R that are NOT symmetric.

The desired probability is (264 – 236)/264 = 1 – 1/228.

7) (15 pts) Consider the following relation: R = {(a,b)| (ab ( ba)( ((n(Z | a+b=3n)}. Give counterexamples to show that R does not satisfy any of the following properties: (a) reflexive, (b) irreflexive, (c) symmetric, (d) antisymmetric, (e)transitive.

(a) (1,1)(R because 1+1 is 2 which is not divisible by 3.

(b) (3,3)(R because 33 = 33 and 3+3 = 3(2).

(c) (2,1)(R because 21 > 12 and 2+1 = 3(1), but

      (1,2)(R because 12 < 21.

(d) (2,4)(R because 24 = 42 and 2+4 = 3(2), and

      (4,2)(R because 42 = 24 and 4+2 = 3(2). (And of course 2(4!!!)

(e) (4,2)(R, (2,1)(R as stated above, BUT (4,1)(R because 4+1=5 which isn’t 

      divisible by 3.

8) (14 pts) Let f(x) = x/(3x+2), with the domain being all the reals except for –2/3 and the codomain being all the reals except for 1/3. Prove that f is a bijection.

First we will show that f is injective.

We must show that if f(a) = f(b), then a=b.

f(a) = f(b)

a/(3a+2) = b/(3b+2)

a(3b+2) = b(3a+2), is okay to do since –2/3 is not in the domain.

3ab + 2a = 3ab + 2b

2a = 2b

a = b.

Now we will show that f is surjective. Let c be a real number not equal to 1/3. We must show that there exists a real number a (not equal to –2/3) such that f(a)=c.

f(a) = c

a/(3a+2) = c

a = (3a+2)c, is okay to do since a(-2/3.

a = 3ac + 2c

a – 3ac = 2c

a(1 – 3c) = 2c

a = 2c/(1 – 3c).

What we’ve shown is that for any value c (except –2/3), there exists a value a (namely 2c/(1 – 3c)) such that f(a) = c. You can verify this as follows:

f(2c/(1 – 3c)) = [2c/(1 – 3c)]  /  [3(2c)/(1 – 3c) + 2]

                      = [2c/(1 – 3c)]  /  [ (6c + 2(1 – 3c)) /  (1 – 3c) ]

          = [2c/(1 – 3c)]  /  [ (6c + 2 – 6c) /  (1 – 3c) ]

          = [2c/(1 – 3c)]  /  [ 2  /  (1 – 3c) ]

          = 2c/2

          = c

9) (10 pts) Prove or disprove: If R and S are symmetric relations on a set A, then R ( S is a symmetric relation.

We must show that R ( S is symmetric. Thus, we must prove:

if (a,b)( R ( S, then (b,a)( R ( S.

If we have that (a,b)( R ( S, then by defn of intersection, we have

(a,b)( R ( (a,b)(S

Now, we know that both R and S are symmetric. Thus, we can ascertain that

(b,a)( R ( (b,a)(S

By the defn of union, we have that

(b,a)( R ( S, which is what we wanted to show.

10) (2 pts) Spell your TA’s first and last name. Sohaib Khan, Michael Wallick, Song Luo, Vivek Singh (are the four...)
