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Practice problems for the test#2

1. Relations. 

2.  Let A ={1, 2, 3}, B ={w, x, y, z}, and C = {4, 5, 6}. Define the relation R( A(B, S( B(C, and T( B(C, where R = {(1, w), (3, w), (2, x), (1, y)}, S={(w, 5), (x, 6), (y, 4), (y, 6)}, and T={(w, 4), (w, 5), (y, 5)}. 

a) Determine R( (S ( T ) and (R(S) ( (R(T).

b) Determine R( (S ( T ) and (R(S) ( (R(T).

3. Consider the relation T over real numbers: T = {(a, b) | a2+b2=1}. Define all properties of this relation (reflexive, irreflexive, symmetric, anti-symmetric, and transitive).

4. Let R ( A(A be a symmetric relation. Prove that t(R) is symmetric. 

5. Prove or disprove the following propositions about arbitrary relations on A: 

a) R1, R2 symmetric ( R1(R2 is symmetric.

b) R1, R2 transitive ( R1(R2 is transitive.

5.  Prove or disprove that for any relation R ( A(A  ts(R)(st(R).
6. Let R be a symmetric and transitive relation on set S. Furthermore, suppose, that for every x(S there is an element y(S such that xRy. Prove that R is equivalence relation.

7. 
8. Prove that a relation R on a set A is transitive if and only if R2(R. 

9. Determine whether the relation represented by the directed graph is reflexive, irreflexive, symmetric, anti-symmetric and transitive.



10. Let A denote an arbitrary non-empty set, and let R denote a binary relation, R ( A(A. 

Answer the following two parts independently of each other:

(a) Suppose R is transitive.  Prove that the inverse relation R(1 is also transitive, where R(1 is defined as R(1 = {(a, b) | (b, a) ( R}.

(b) Suppose R ( ( and R is irreflexive (that is, there does not exist any a ( A such that (a, a) ( R).  Prove that either R is not symmetric or R is not transitive.  

(a) Let A denote an arbitrary non-empty set, and let R, S, and T denote binary relations defined over A, i.e., R ( A ( A, S ( A ( A, and T ( A ( A.  Answer the following two questions independently of each of other:

(b) Prove (R ( (S ( T)) ( ((R ( S) ( (R ( T)).

(c) Suppose A = {a, b, c}.  Use an example of relations R, S, and T defined over this A to show that (R ( (S ( T)) ( ((R ( S) ( (R ( T)).

Functions. 

1. 
Let f be a function, f: S(T. Define a set of images f(A) for any subset A(S as f(A)={f(x)| x(A). Prove that f(A(B)=f(A)(f(B) for all subsets A and B of S iff f is injective. 

2. Let f : A(A is a function such that f (f (x))=x for all x(A. Prove that f  is a bijection.

3.   Give an example of a pair of functions f: A(B and g: B(A, such that f(g=IB 

but g(f (1.  Here IB = {(x, x)| x( B} is the identity relation on B.
4. Let Z = {0, 1, (1, 2, (2, …} denote the set of all integers (zero, positive, and negative).  Define a function g: Z ( Z by the following formula:
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(Thus, for example, g(0) = 1 ( 0 = 1; g(1) = 1 + 3 = 4; g((1) = (1 + 3 = 2, etc.)  

Prove that the function g defines a bijection from Z to Z; that is, prove that g is an injection (one-to-one) and g is a surjection (onto).

5. (a)  How many functions are there from a set with 3 elements to a set with 8    elements?  (b)  How many one-to-one functions are there from a set with 3 elements to a set with 8 elements?  (c)  How many onto functions are there from a set with 3 elements to a set with 8 elements?  EXPLAIN YOUR ANSWER.

6.  Let A and B denote two non-empty sets, and let R and S denote two binary relations where R ( A  B and S ( A  B. Answer the following two parts for this question:
a. Suppose both R and R  S define a function from A to B. Prove that R ( S. 

b. (This part is independent of Part (a).) Suppose both R and R  S define a function from A to B. Prove that S ( R.

a) 7. Let f : A(B be a function. Prove or disprove each of the following statements:

b) If f( f  is an injection, then f  is an injection.

c) If f( f is a surjection, then f is a surjection. 
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