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THE JOURNAL OF SymBoLIiC Logic
Volume 41, Number 1, March 1976

A REDUCTION CLASS CONTAINING FORMULAS WITH
ONE MONADIC PREDICATE AND ONE
BINARY FUNCTION SYMBOL

CHARLES E. HUGHES

Abstract. A new reduction class is presented for the satisfiability problem for well-
formed formulas of the first-order predicate calculus. The members of this class are
closed prenex formulas of the form VxVyC. The matrix C is in conjunctive normal
form and has no disjuncts with more than three literals, in fact all but one conjunct is
unary. Furthermore C contains but one predicate symbol, that being unary, and one
function symbol which symbol is binary.

Introduction. An effective method is presented for constructing, from an
arbitrary diadic partial implicational propositional calculus D, and an arbitrary
one variable wff W, a first-order formula F such that W is derivable in D if and
only if Fis a tautology of the first-order predicate calculus. Each such Fis a member
of the class 9 of closed prenex formulas of the form 3x3yC where C is in disjunctive
normal form, has all unary conjuncts, except one which contains three literals, and
has just a single monadic predicate symbol and a single binary function symbol.
Using a result in [4] we are then able to conclude that there exists an effective method
which produces, from an arbitrary first-order formula F;, a first-order formula of
the above type F, such that F; is a tautology iff F, is also one. Next, since a given
formula F; is satisfiable iff — F; is not a tautology, we get that the class of formulas
%, comprised of negations of all formulas from the class 2 above, forms a reduction
class with respect to satisfiability. This class % is just the set of all closed prenex
formulas VxVyC where C is in conjunctive normal form with one ternary disjunct,
the rest being unary, and C has one monadic predicate and one binary function
symbol.

Partial calculi. Let p;, p,, - - - be the set of all propositional variables in some
formulation of the propositional calculus. P, will be used to denote the class of all
well-formed formulas (wffs) of the implicational propositional calculus which
involve only variables among {p;, ps, -+, p.}. A diadic partial implicational
propositional calculus (PIPC) I is an inference system defined by a finite set of
tautologies from P,. These tautologies are called the axioms of I. The rules of
inference of I are modus ponens and substitution of wffs from P,, that is the
normal propositional rules of inference restricted to the use of wifs from P,. Let
W be an arbitrary member of P,. Then W is said to be derivable in I iff W may be
deduced from the axioms of I by its rules of inference. The classes of wifs which
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46 CHARLES E. HUGHES

may be derived by diadic PIPC’s were the subject of study in [4] and the results
presented there form a basis for those shown here.

Reduction classes. A class R of formulas of the first-order predicate calculus is
called a reduction class with respect to satisfiability (respectively deducibility) if there
exists an effective procedure ¢ which maps first-order formulas F into members
#(F) of R such that F is satisfiable, i.e. true under some interpretation (respectively
a tautology) iff ¢(F) is also satisfiable (respectively a tautology).

Reduction classes have been studied by a rather large number of authors in-
cluding [1], [2] and [5]. The reduction class % presented here is most closely related
to two classes recently announced by Boérger [1]. There, it was claimed that the
classes %, and %, of closed prenex formulas of the forms VxVyC and VxVyVzD,
respectively, are each reduction classes for satisfiability, where C and D are both
in conjunctive normal form with binary disjuncts, C has one monadic predicate,
one monadic and one binary function, and finally D has one monadic predicate
and one binary function symbol. Our result is both a strengthening and a weaken-
ing of Borger’s. It is stronger in that the formulas of % have the binary prefixes of
%, while only having a single binary function symbol as those in %,. Our result is
weaker since members of ¥ have matrices which contain a ternary disjunct whereas
those in %, and %, have only binary disjuncts.

Demonstration that % is a reduction class. Let D be an arbitrary diadic PIPC
with axioms A4;, Ay, - -, 4,. Further let the formulas of D be written in prefix
(polish) notation.

We define, for each wff W contained in P,, a first-order formula F such that W
is derivable in D iff F is a tautology. The formula F to be constructed will contain
variables x and y, the one monadic predicate symbol T and the one binary function
symbol f. As our first step we define a function K from the class of formulas P,
into the class of first-order formulas.

K(pl) = X,
K(p2) = y, and
K(>W. W, = f(K(W,), K(W,)), for W, and W, members of P,.

Then, for example, if W = 2 >p;p, D p;p,, we would have K(W) = f(f(x, y),
f(x, »)). The first-order image of W, denoted W*, is defined to be VxVyT(K(W)),
Vx or Vy being omitted if the variable x or y does not occur in K(W).

Let, as noted above, Ay, 4,, - - -, A, be the axioms of D. The first-order associate
of D, denoted D, is defined to be

At & AT & - - - & AT &VXVY(T(x) & T(f(x, y))) = T(y)).

We shall now show the following.

LEMMA 1. Let W be an arbitrary element in P,. Then W is derivable in D iff
D > W* is a tautology of the first-order predicate calculus.

Proof. (I) Assume W is derivable in D. Then there exist wffs W,,---, W,
where W = W, and each W, is either

(a) an axiom, or
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A NEW REDUCTION CLASS 47

(b) the result of substituting a wff Y for all occurrences of one of the variables
p1Or pyinsome W, 1 < s < i, or

(c) the result of applying modus ponens to some pair W,, W,, where s and r are
less than i.

We prove this part of our theorem by induction on k.

k = 1. Then W must be an axiom. That is, W is 4; for some ¢, 1 < ¢t < n.
But then we have

1. D—Hypothesis.
2. Af—From the fact that (4 & B& C) > Bor (A & C) © A and (1).

Hence D © W* is a tautology.

k>1. Assume D> W¥foralli,l <i<k.

Part a. If W, is an axiom then D > W* by our arguments for the k = 1 case.

Part b. Substitution of a wif Y in P, for a variable. By hypothesis, D > W,
We need to show that D > W* where W is obtained from W, by substituting ¥
for all occurrences of p; (or py).

1. D > W*—Tautology by inductive hypothesis.

2. D—Hypotbhesis.

3. WE—MP (1 and 2).

4. T(K(W))—Universal instantiation (3).

5a. VxT(K(W,)—Universal generalization (4); or

5b. VyT(K(Wy)).

6. T(K(W))—Universal instantiation. Substitution of X(Y) for x in 5a or y in 5b.

7. W*—Universal generalization (6).
Hence D > W* is a tautology.

Part c. Modus ponens. We need show that if D > W¥* and D > W are
tautologies and W, is > W, W then D > W* is a tautology.

. D > W*—Tautology by inductive hypothesis.

. D o W*—Tautology by inductive hypothesis.

D—Hypothesis.

VxVy((T(x) & T(f(x, y))) @ T(y))—From the fact that (4 & C) © Cand 3.

WF—MP (1 and 3).

W*—MP (2 and 3).

T(f(K(W,), K(W)))—Universal instantiation (5).

. T(K(W,))—Universal instantiation (6).

. T(K(W,)) & T(f(K(W,), K(W)))—From fact that 4 > (B > (4 & B)) and
7 and 8.

10. (T(K(W,)) & T(f(K(W,), K(W)))) = T(K(W))—Universal instantiation (4).

11. T(K(W))—MP (9 and 10).

12. W*—Universal generalization (11).

©PNAL R LN

And hence D > W* is a tautology.

This completes our inductive proof that if W is derivable in D then D > W*isa
tautology.

(II) It now remains to be shown that if D > W* is a tautology then W is deriv-
able in D. Our proof in this direction will be semantic rather than syntactic as it
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48 CHARLES E. HUGHES

was in (I). That is, we shall use the fact that D > W* is a tautology iff it is true
under all interpretations and in particular under the following interpretation.

Domain of interpretation. The set of wffs (in prefix notation) in P,.

Interpretation of f. fis interpreted to be the binary operator which maps x;, x,
to Dx;x,, where of course x; and x, are variables ranging over wffs in P,.

Interpretation of T. T is true for the argument x if and only if x is derivable in D.

Now, with the above interpretation in mind, we shall show that D > W* is
true implies W is derivable in D. Our method of attack will be to first show that
D is true under our chosen interpretation, which we denote /.

D is true iff 4F is true, for 1 < i < n, and VxVy((T(x) & T(f(x, y))) = T()) is
true. But, treating the A}’s, we have that A} is true under I, iff all substitution
instances of A, are derivable in D. This clearly shows that the A}*’s are true under
I,. Now YxVy(T(x) & T(f(x, y))) = T(y)) is true under I, if the derivability of
wifs W, and > W, W, implies the derivability of W,. But this is just modus ponens.

Now, using the fact that D is true under I, we may complete our proof by
showing that the truth of W* under I, implies the derivability of W in D. But W*
is true implies all substitution instances of W are derivable in D which clearly
implies that W is derivable.

This then completes the proof of this theorem.

LeMMA 2. Let D be an arbitrary diadic PIPC and let W be a wff in P, i.e.
containing only the variable p,. Then some substitution instance of W is derivable in
D iff D > IxT(K(W)) is a tautology.

Proor. First assume that some substitution instance W’ of W is derivable in
D. Then, by Lemma 1, D > VxVyT(K(W")) is a tautology, where of course one of
Vx or Vy might not appear. But then D > T(K(W’)) and consequently D >
IxT(K(W)) are each tautologies. (The latter is a tautology since T(K(W')) may
be rewritten as T(K(W')) by an appropriate substitution for the variable x.

Next assume that D > IxT(K(W)) is a tautology. Then, using the interpretation
appearing in the proof of Lemma 1, we may achieve the result via arguments
similar to those given there.

LEMMA 3. There exist effective procedures ¢, and ¢,, where ¢, maps recursively
enumerable (r.e.) sets to diadic PIPC’s and ¢, maps natural numbers to member of
P; such that, if S is an arbitrary r.e. set and x is an arbitrary natural number, then
x € S iff ¢o(x) is derivable in ¢,(S). Furthermore, ¢,(x) is derivable iff it has some
substitution instance which is derivable.

ProoF. Let S and x be as in the statement of the lemma. Davis [3] and others
have demonstrated procedures ¢ and ¢, such that ¢5(S) is a Turing machine and
#4(x) is a configuration of ¢3(S) which is mortal iff x € S. In [4] we presented
procedures ¢5 and ¢4 such that, if M is an arbitrary Turing machine and C is an
arbitrary configuration, then ¢5(M) is a diadic PIPC, ¢¢(C) is a wff containing only
the variable p; and C is mortal in M iff ¢4(C) is derivable in ¢5(M). Moreover, if
W is some substitution instance of ¢4(C) then ¢4(C) is derivable in ¢5(M) iff W
is also. This latter statement may be verified by an examination of Lemmas 1, 3
and 4 of [4] in which the reader should observe the independence of the members
of each of the 5 forms discussed there. The proof is then completed by letting

$1(S) = ¢5($3(S)) and $a(x) = Pe(¢a(x)).
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A NEW REDUCTION CLASS 49

LEMMA 4. There exists a fixed diadic PIPC & and an effective method ¢ such
that, if ¢ is applied to an arbitrary first-order formula F, then F is a tautology iff some
substitution instance of $(F) is derivable in &, where ¢(F) is in P;.

Proor. Let & be the class of numbers, under some Godel numbering g, of all
tautologies of the first-order predicate calculus. &# is r.e. since it may be defined
by a finite set of axioms and a finite set of recursive rules of inference.

Let F be an arbitrary first-order formula and let g(F) be the Gédel number of
F. Then F is a tautology iff some substitution instance of ¢,(g(F)) is derivable in
¢1(F), where ¢, and ¢, are defined as in Lemma 3. The lemma is then shown by
letting 2 be ¢,(F ) and $(F) be ¢o(g(F)).

THEOREM 1. The class D of first-order formulas is a reduction class with respect
to deducibility.

ProoOF. Let F be an arbitrary formula and let & and ¢ be as in Lemma 4. By
Lemma 4, F is a tautology iff some substitution instance of ¢(F) is derivable in &
By Lemma 2, this is so iff Z o IxT(K(¢(F))) is a tautology. But Z > IxT(K($(F)))
may be seen to be in & as follows: First it is of the following form:

VXVyL, & VXVyLy & - - - & VXVpLy & VxVy((Lnss & Lass) © Lava) © IxLosa,

where each L, is a literal. This form may be successively rewritten as

1. VxVy(Ll &LZ & --- &Ln & ((Ln+1 &Ln+2) > Ln+3 ) > 3an+4,

2. 2VxVy(L, &L, & --- & L, & —(Lpy1 &Ly o & - Ly 1 5)) vV 3XL, 44, and then

3. 3x(=Ly vV mLy V ooV aLy V (Loss & Lnyo & —1Lpys) V Ly o).
Clearly form 3 belongs to class & proving the theorem.

THEOREM 2. The class € of first-order formulas is a reduction class with respect
to satisfiability.

PrOOF. Let F be an arbitrary first-order formula. Then F is satisfiable iff F is
not a tautology. But, by Theorem 1, there is a member F; of 2, effectively com-
putable from F, which is not a tautology iff —F is not a tautology. But then F'is
satisfiable iff —F; is satisfiable and since —F; is in % this completes the proof.

REFERENCES

[1] E. BORGER, Reduction classes of Krom formulae with only one predicate symbol and function
symbols, Notices of the American Mathematical Society, vol. 20 (1973), A-286. Abstract.

[2] A. CHURCH, Introduction to mathematical logic, Vol. 1, Princeton University Press,
Princeton, N.J., 1956.

[3]1 M. DAvis, Computability and unsolvability, McGraw-Hill, New York, 1958.

[4] C. E. HuGHEs, Two variable implicational calculi of prescribed many-one degrees of
unsolvability, this JOURNAL, vol. 41 (1976), pp. 39-45.

[5] M. R. KroM, The decision problem for formulas in prenex conjunctive normal form with
binary disjunction, this JOURNAL, vol. 35 (1970), pp. 210-216.

UNIVERSITY OF TENNESSEE
KNOXVILLE, TENNESSEE 37916

This content downloaded from 132.170.219.53 on Sun, 03 Mar 2019 20:31:19 UTC
All use subject to https://about.jstor.org/terms



	Contents
	image 1
	image 2
	image 3
	image 4
	image 5

	Issue Table of Contents
	Journal of Symbolic Logic, Vol. 41, No. 1, Mar., 1976
	Front Matter
	䅮 넭䙩湩瑥⁉湪畲礠䵥瑨潤⁯映瑨攠啮扯畮摥搠呹灥⁛灰⸠‱‭‱㝝
	The Unprovability in Intuitionistic Formal Systems of the Continuity of Effective Operations on the Reals [pp.  18 - 24]
	Omitting Types in Set Theory and Arithmetic [pp.  25 - 32]
	Infinitary Compactness without Strong Inaccessibility [pp.  33 - 38]
	Two Variable Implicational Calculi of Prescribed Many-One Degrees of Unsolvability [pp.  39 - 44]
	A Reduction Class Containing Formulas with one Monadic Predicate and one Binary Function Symbol [pp.  45 - 49]
	Probabilities on Finite Models [pp.  50 - 58]
	Approximation Theorems and Model Theoretic Forcing [pp.  59 - 72]
	One More Aspect of Forcing and Omitting Types [pp.  73 - 80]
	Completeness Properties of Heyting's Predicate Calculus with Respect to RE Models [pp.  81 - 94]
	Negative-Existentially Complete Structures and Definability in Free Extensions [pp.  95 - 108]
	Uniform Inductive Definability and Infinitary Languages [pp.  109 - 120]
	Semantics of the Infinitistic Rules of Proof [pp.  121 - 138]
	Elementary Extensions of Countable Models of Set Theory [pp.  139 - 145]
	ED-Regressive Sets of Order n [pp.  146 - 152]
	Selection in Abstract Recursion Theory [pp.  153 - 158]
	An Intuitionistic Completeness Theorem for Intuitionistic Predicate Logic [pp.  159 - 166]
	佮 ꌼ獵戾ㄼ⽳畢㸠坥汬ⵏ牤敲楮杳⁯映瑨攠啮楶敲獥⁛灰⸠‱㘷‭‱㜰�
	Applications of Vaught Sentences and the Covering Theorem [pp.  171 - 187]
	Monotone Inductive Definitions over the Continuum [pp.  188 - 198]
	Diversity of Speed-Ups and Embeddability in Computational Complexity [pp.  199 - 214]
	The <tex-math>$\prec$</tex-math>-Order on Submodels [pp.  215 - 221]
	An Abstraction Algorithm for Combinatory Logic [pp.  222 - 224]
	䄠䍯浢楮慴潲楡氠偲潰敲瑹⁯映瀼獵戾κ㰯獵戾λ⁛灰⸠′㈵‭′㌴�
	Boolean Combinations of R.E. Open Sets [pp.  235 - 238]
	The Truth about Some Post Numbers [pp.  239 - 244]
	A Boolean Ultrapower which is not an Ultrapower [pp.  245 - 249]
	䵩湩浡氠啰灥爠䉯畮摳⁦潲⁁獣敮摩湧⁓敱略湣敳⁯映αⵒ散畲獩癥汹⁅湵浥牡扬攠䑥杲敥猠孰瀮†㈵〠ⴠ㈶そ
	European Meeting of the Association for Symbolic Logic, Kiel, Federal Republic of Germany, 1974 [pp.  261 - 278]
	Meeting of the Association for Symbolic Logic Washington, D.C., 1975 [pp.  279 - 288]
	Back Matter



