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|maging Geometry



Transformations

Trandation
Scaling
Rotation
Perspective
-omogenous




Pose Estimation/Image Synthesis




M otion Estimation




Motion Estimation




Object Recognition



e Robotics
* Image Registration
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Trandation

VH, Trandatio n Matrix
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Rotation

X = Rcosf
Y = Ranf

(XY(Z0

v
R (x,2)

X(=Rcog(Q+f ) = RcosQcosf - RaInQsgnf
Y¢=Rsin(Q+f ) = RsnQcosf + RcosQsainf

X(=XcosQ- YsinQ T s
Y¢=XsnQ+YcosQ

éXdi:J g:osQ -9nQ ogegxg
gvctg:gsjnq cosQ oﬂgvﬂ

&% g 0 0 1gZy



Rotation (continued)
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gcosQ snQ OuecosQ -9nQ Oy éL O Og
g snQ cosQ O st cosQ OH - 1 OH
g O 0O 1B O 0O 1g &€ 0 1y
(R) " =(R)’
ROR) =1

6D>

Rotation matrices are orthonormal matrices

11 ifi=j
Lr =i ,
10 otherwise



Euler Angles

écosa codb cosmsnbsSng- Snacogy cosasnbcogy+snasingu
R=RRR =gsina cosb sSnasnbsng+coscoyy Snasnbcosy- cosa singH
g€ -snb cosbsing cosb cogy g

if anglesare small cosQ»1 sinQ»Q
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Consider a point on 2 D plane undergoing non-affine transformation;
[ XY k]=[X/k Y/k 1]=[x y 1]

[32 k] =[3k 2k 1]

Start with k=1

32 1] representsthe actual point (3,2)]

(3205]=[64 1]

(3201]=[30 20 1] actua point ( 30, 20)

3 2 0.0001] = [30000 20000 1 ]

3 2 0.0000001 ] = [30000000 20000000 1]

In thelimit [3 2 O ] = 77

[ 1 O O] representsapoint at infinity on the X axis
O/Oistakenasl
[0 1 O] representsapoint at infinity ontheY axis




Perspective Projection (origin at the lens center)

(X,Y,Z2)

lmage Plane World
I Lens point

0

Image z
-y _ f
Y Z
fY fX




Perspective Projection (origin at image center)

Image Plane

Image

(X,Y,2)
World
I Lens point
/
- y: f
Y Z-f
X
y=- X=-
Z- f Z- f
Y X
y = X =



Perspective

6xu & X U
é,u é Ué,, U
/ ya-& ° e
e U ¢ (€7
L?c??cﬁnates g H g %18 World coordinates
(X,Y,2)® ®® (kX,KY, kZ,k), Homogenous transformation
(C,.C.,,C.C.,)® (Chl Cnz Ch3) |nverse homogenous
C. C., C.
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Camera Model

o Camerais at the origin of the world
coordinates first

e Then trandated (G),

e then rotated around Z axis in counter
clockwise direction,

e then rotated again around X in
counter clockwise direction, and

o then trandated by C.

C, = PCR} R,GW,



Camera Model

C, = PCR} R,GW,

él 0 0 u écosg sng O Ou
P-é L9 OQRZ _g-sinq cosg O OH
B é
O+ Fo 0 01
él 0 0 0Od €l 0 0 - X0
: u u
R>§=§ cosf  gnf O@’ _ & (0 'Yog
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y=1f

Camera Model

C, = PCR¥ R%GW,

(X ) Xo)COSq +(Y' Yo)Sinq - I
- (X - X,)sngsinf +(Y - Y,)cosq sinf - (Z- Z,)cosf +r, + f
(X - X,)sing cosf +(Y -Y,)cosq cosf +(Z- Z,)snf -,
- (X - Xy)sngsnf +(Y - Y,)cosqsinf - (Z- Z,)cosf +r,+ f




Camera Model

C, = PCR R, GW,

C, = AW,

éCm éaﬂ A, a3 3, UEXU
"ChZ u ea21 a22 a23 ﬂgY 3
Lho ey a, 8 44Ué- a

Ch =a,X +a,Y +a,Z+a, =Ch,x
Ch, =a, X ta,Y +a,Z +a, =Ch,y

Ch,=a,X+a,Y+a,,Z+a,,

Ch4

C
y:ﬁ

Cha



Camera Model

Ch =a,X +a,Y +a,Z+a, =Ch,x
Ch, =a, X ta,Y +a,Z +a, =Ch,y

Ch,=a,X+a,Y+a,,Z+a,,

8y X +apY +8Z +8y, - 8y XX- 8,YX- 852X~ 84X =0

a21X +3'22Y+3232+a24 - a41Xy' a42Yy' a4SZy- 8'44y:O



Camera Model

8y X +apY 8 +8y, - 8y XX- 8,YX- 852X~ 84X =0

One point
a21X t azzY + azsz tay, - a41Xy' a42Yy' a4szy -a,y= 0
a11x1 + a12Y1 + a13zl + Ay, - a-41X1X1 - a42Y1X1 - a4321X1' AuX = 0
a11X2 + a12Y2 +31322 ta,- a41X2X2 - a42Y2X2 - a4szzxz' Ay X, = 0
' n points
aﬂxn + alZYn + a13zn + Ay, - a-41ann - a42Yan - a-43ann' Ay X, = 0 2n equationS,
8 Xy tayY) t8yZ, +8y - 8,y XY - 8pY, Y- 821y~ 84,Y, =0 12 Unknowns

8, X, tay,Y, tayZ, 8y - 8y XY, - 8,5, - Al,Y, - ayy, =0

alen + a22Yn + aZSZn tay, - a41Xnyn - a'42Ynyn - a43Znyn - auy, = 0
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Camera Model
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Camera Model

O O - ann - XnYn - ann
Zl 1 - ylxl - Y1X1 - Y1zl
Zz 1 - yzxz - yzxz - yzzz
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Camera Model Revisited

éxX
?11 I, I’13(1-:'1 00 TUA u
P.=RTP, =¢ly Iy r23_go 10 -Tyﬂg 3

8!‘31 [ F%E@ 01 'Tﬁglu

&y Il [ oeX - TXL,J
_ _C eY U
P.=R(R,-T) =Cln T Tx+g Ty ]
8!‘31 I3 33£Z T U
&R_L 0
P =R(P,-T)= GFHP T]

R -

_fR:L(P'T)

P,-T
EEP _ T)) Perspective

Ye = Rs(P T projection

X




Camera Model Revisited

(Xm ¥im) mage coordinates
X=-(X_-0,)S (x, y) camera coordinates
(0,,0,) iImage center (in pixels)

Y=-0im - 0,)S, (s..s,) Effective size of pixels (in
millimeters) in the horizontal and
vertical directions.

"(P,- T)
C(x -o)s = R(R
(Xim - 0,)S, RI(P.- T)
T -
- (Y- 0,08, = f 2" D)



Camera Model Revisited
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Rotation Around an Arbitrary AXxis
(Rodriguez’s Formula

V=V.nn+V- (V.n)n)

V{=cox (V- (V.n)n)+sng(n” (V- (V.n)n)
VE=(V.n)n

AVAS—AV/( +Vlj

V(=cosgqV +sing n” V +(1- cosq)(V.n)n

V=V +singn” V +(1- cosg)n” (n" V)
n (n"V)=\V.nn-V

n (n"V)+V =\.n)n



Rotation Around an Arbitrary AXxis
(Rodriguez’ s Formul a)

V=V +singn” V+(1-cosg)n” (n” V)
V(=R(n,q)V

R(n,g) =1 +sing X(n)+(1- cosq)X?*(n)



Rotation Around an Arbitrary AXxis
(Rodriguez’ s Formul a)

r
r=rll—=an

Tl

R(n,q)=1+sing X(n) +(1- cosq)X*(n)

R(r,q) = | +sing X (——) +(1- cosg)X*(——)
Il Il
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