COP 3503 – Computer Science II  –  CLASS NOTES  - DAY #4
A Closer Look at Linear, Quadratic, and Cubic Algorithms
In order to more closely examine the differences in running times of linear, quadratic, and cubic algorithms, consider the following problem:

Maximum Contiguous Subsequence Sum:  given (a possibly negative) integers A1, A2, …, AN, find (and identify the sequence corresponding to) the maximum value of 
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For the degenerate case when all of the integers are negative, the maximum contiguous subsequence sum is zero.

Example:  If input is: {-2, 11, -4, 13, -5, 2}.  Then the output is: 20.

       If the input is {1, -3, 4, -2, -1, 6}.  Then the output is 7.
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In the degenerative case, since the sum is defined as zero, the subsequence is an empty string.  An empty subsequence is contiguous and clearly, 0 > any negative number, so zero is the maximum contiguous subseqeunce sum.
The O(N3) Algorithm (brute force method - exhaustive search – see example)


General Observation Analysis

Look at the three loops:

The i loop executes SIZE (or N) times.  The j loop executes SIZE-1 (or N-1) times.  The k loop executes SIZE-1 times in the worst case (when i = 0).  This gives a rough estimate that the algorithm is O(N3).

Precise Analysis Using Big-Oh Notation

In all cases the number of times that, sum += a[k], is executed is equal to the number of ordered triplets (i, j, k) where 1 ( i ( k ( j ( N2 (since i runs over the whole index, j runs from i to the end, and k runs from i to j).  Therefore, since  i, j, k, can each only assume 1 of n values, we know that the number of triplets must be less than n(n)(n) = N3 but i ( k ( j restricts this even further.  By combinatorics it can be proven that the number of ordered triplets is n(n+1)(n+2)/6.  Therefore, the algorithm is O(N3).



The O(N2) Algorithm (An improved algorithm – but still brute force)


Discussion of the technique and analysis

We would like to improve this algorithm to run in time better than O(N3).  To do this we need to remove a loop!  The question then becomes, “how do we remove one of the loops?”  In general, by looking for uncessary calculations, in this specific case, uncessary calculations are performed in the innerloop.  Notice that:

j                           j - 1

( Ak  = Aj +  ( Ak
k = i                    k = i

In other words,  the sum for the subsequence extending from i to j – 1 was just calculated – so calculating the sum of the sequence from i to j shouldn’t take long because all that is required is that you add one more term to the previous sum (i.e., add Aj ).  However, the cubic algorithm throws away all of this previous information and must recompute the entire sequence!

The O(N) Algorithm (A linear algorithm)

Discussion of the technique and analysis

To further streamline this algorithm from a quadratic one to a linear one will require the removal of yet another loop.  Getting rid of another loop will not be as simple as was the first loop removal.  The problem with the quadratic algorithm is that it is still an exhaustive search, we’ve simply reduced the cost of computing  the last subsequence down to a constant time (O(1)) compared with the linear time (O(N)) for this calculation in the cubic algorithm.  The only way to obtain a subquadratic bound for this algorithm is to narrowed the search space by eliminating from consideration a large number of subsequences that cannot possibly affect the maximum value.

How to eliminate subsequences from consideration

(1)

i                                    j   j+1                              q

	A             < 0
	B           Sj+1, q

	C   < Sj+1, q


If A < 0 then C < B 

      j

If  ( Ar  < 0 and if q > j, then Ai…Aq is not the MCSS!

    r = i

So – if we test for sum < 0 and it is – then we can break out of the intter loop.  However, this is not sufficient for reducing the running time below quadratic!

(2)

If Ai…Aj is the MCSS, then the sums that border it (on either end) must have sums which are less than 0, otherwise they would have been included in the MCSS.

Once, again however, this has not reduced the complexity below quadratic!

(3)

       j

If  ( Ar  < 0 , then for any i ( p ( j and p( q, Ap…Aq is:

    r = i

(a) not the MCSS

(b)  or equal to a previously seen MCSS

This is it!  This says that if a negative MCSS is seen, we can break the loop and advance i to j+1.


Discussion of running time analysis

The j loop runs N times, therefore the algorithm is O(N).

The algorithm is more efficient but its correctness is less clear and requires proof of claims (2) and (3) [which are given in the proofs of Theorems 5.3].

MCSS Linear Algorithm Clarification

Point 1 – All subsequences which have a negative value will not be included in the MCSS as this would reduce the MCSS value.

Point 2 – All subsequences which border the MCSS have a negative sum – otherwise they would be included in the MCSS.

	sequence

sum >0
	sequence

sum <0
	MCSS
sequence sum > 0 and greater than first and last sequence sums
	sequence sum <0
	sequence sum >0


Note:  Points 1 and 2, while they may be intuitively obvious (once you think about them at least) – they DO NOT reduce the running time of the MCSS algorithm below quadratic.  Instead there is a third point which, although less intuitive, does allow for a sub-quadratic algorithm.

Point 3 – Whenever a subsequence is encountered which has a negative sum – the next subsequence to examine can begin and the end of the subsequence which produced the negative sum.  In other words, there is no starting point in that subsequence which will generate a positive sum and thus, they can all be ignored.

The following examples should clarify this argument for the linear algorithm.

initial array

	2
	- 4
	1
	6
	3


MCSS = 10

Comparison of Subsequences

starting point is index 1

	2
	- 4
	1
	6
	3


MCSS = 2

	2
	- 4
	1
	6
	3


MCSS = -2

	2
	- 4
	1
	6
	3


MCSS = -1

	2
	- 4
	1
	6
	3


MCSS = 5

	2
	- 4
	1
	6
	3


MCSS = 8


starting point is index 2

	2
	- 4
	1
	6
	3


MCSS = -4

	2
	- 4
	1
	6
	3


MCSS = -3

	2
	- 4
	1
	6
	3


MCSS = 3

	2
	- 4
	1
	6
	3


MCSS = 6




starting point is index 3

	2
	- 4
	1
	6
	3


MCSS = 1

	2
	- 4
	1
	6
	3


MCSS = 7

	2
	- 4
	1
	6
	3


MCSS = 10


General Asymptotic Notation Rules

Def.(Big-Oh):  T(N) is O(F(N)) if there are positive constants c and No such that                T(N) ( cF(N) when N ( No.  [an upper bound]

Def. (Omega): T(N) is ((F(N)) if there are positive constants c and No such that T(N) ( cF(N) when N ( No.  [a lower bound]

Def. (Theta): T(N) is ((F(N)) if and only if T(N) is O(F(N)) and T(N) is ((F(N)).  [an upper and lower bound]

Def. (Little-Oh): T(N) is o(F(N)) if and only if T(N) is O(F(N)) and T(N) is not ((F(N)).   [a strict upper bound]

	Mathematical Expression
	Relative Rates of Growth

	T(N) = O(F(N))
	Growth of T(N) is ( growth of F(N)

	T(N) = ((F(N))
	Growth of T(N) is ( growth of F(N)

	T(N) = ((F(N))
	Growth of T(N) is = growth of F(N)

	T(N) = o(F(N))
	Growth of T(N) is < growth of F(N)


Big-Oh analysis does not yield an exact asymptotic answer, but rather an upper bound.  We are mostly interested in worst case analysis over all inputs of size N.  Sometimes, however, we are interested in the average case where the running time is measured as an average over all inputs of size N.

Verifying an Algorithmic Analysis

T(N) is the empirical (observed) running time of the code and the claim is made that T(N) ( O(F(N)).

Technique is to compute a series of values T(N)/F(N) for a range of N (commonly spaced out by a factors of two).  Depending upon these values of T(N)/F(N) we can determine how accurate our estimation for F(N) is according to:




is a tight answer if the values converge to a positive constant

F(N) =         is an overestimate if the values converge to zero (stabilizes near 0)

                    is an underestimate if the values diverge  (more rapidly + or -)

Examples

   Example 1

Consider the following table of data obtained from running an instance of an algorithm assumed to be cubic.  Decide if the Big-Oh estimate, O(N3) is accurate.  

	Run
	N
	T(N)

	1
	100
	0.017058 ms

	2
	1000
	17.058 ms

	3
	5000
	2132.2464 ms

	4
	10000
	17057.971 ms

	5
	50000
	2132246.375 ms


T(N)/F(N) = 0.017058/(100*100*100) = 1.0758 ( 10-8

T(N)/F(N) = 17.058/(1000*1000*1000) = 1.0758 ( 10-8
T(N)/F(N) = 2132.2464/(5000*5000*5000) = 1.0757 ( 10-8
T(N)/F(N) = 17057.971/(10000*10000*10000) = 1.0757 ( 10-8
T(N)/F(N) = 2132246.375/(50000*50000*50000) = 1.0757 ( 10-8
The calculated values converge to a positive constant (1.0757 ( 10-8) – so the estimate of O(n3) is a tight estimate.

   Example 2

Consider the following table of data obtained from running an instance of an algorithm assumed to be quadratic.  Decide if the Big-Oh estimate, O(N2) is accurate. 

	Run
	N
	T(N)

	1
	100
	0.00016 ms

	2
	1000
	0.01638 ms

	3
	10000
	1.6478 ms

	4
	100000
	166.0177 ms

	5
	1000000
	17057.971 ms


T(N)/F(N) = 0.00016/(100 * 100) = 1.6 ( 10-8
T(N)/F(N) = 0.01638/(1000 * 1000) = 1.638 ( 10-8
T(N)/F(N) = 1.6478/(10000 * 10000) = 1.6478 ( 10-8
T(N)/F(N) = 166.0177/(100000 * 100000) = 1.6601 ( 10-8
T(N)/F(N) = 17057.971/(1000000 * 1000000) = 1.70579 ( 10-8
The values diverge, so the estimate of O(n2) is an underestimate.

Limitations of Big-Oh Notation 

· not useful for small sizes of input sets

· omission of the constants can be misleading – example 2NlogN and 1000N, even though its growth rate is larger the first function is probably better.  Constants also reflect things like memory access and disk access.

· assumes an infinite amount of memory – not trivial when using large data sets

· accurate analysis relies on clever observations to optimize the algorithm (recall MCSS).

Growth Rates of Various Functions

The table below illustrates how various functions grow with the size of the input n.

Assume that the functions shown in this table are to be executed on a machine which will execute a million instructions per second.  A linear function which consists of one million instructions will require one second to execute.  This same linear function will require only 4(10-5 seconds (40 microseconds) if the number of instructions (a function of input size) is 40.   Now consider an exponential function.  

	log n
	n
	n log n
	n2
	n3
	2n

	0
	1
	0
	1
	1
	2

	1
	2
	2
	4
	8
	4

	2
	4
	8
	16
	64
	16

	3
	8
	24
	64
	512
	256

	4
	16
	64
	256
	4096
	65,536

	5
	32
	160
	1024
	32,768
	4.294(109

	(5.3
	40
	(212
	1600
	64000
	1.099(1012

	6
	64
	384
	4096
	262,144
	1.844(1019


The Growth Rate of Functions (in terms of steps in the algorithm)

When the input size is 32 approximately 4.3(109 steps will be required (since 232 = 4.29(109).  Given our system performance this algorithm will require a running time of approximately 71.58 minutes.  Now consider the effect of increasing the input size to 40, which will require approximately 1.1x1012 steps (since 240 = 1.09x1012).  Given our conditions this function will require about 18325 minutes (12.7 days) to compute.  If n is increased to 50 the time required will increase to about 35.7 years.  If n increases to 60 the time increases to 36558 years and if n increases to 100 a total of 4x1016 years will be needed!

Suppose that an algorithm takes T(N) time to run for a problem of size N – the question becomes – how long will it take to solve a larger problem?   As an example, assume that the algorithm is an O(N3 ) algorithm.  This implies:

T(N) = cN3.  

If we increase the size of the problem by a factor of 10 we have: T(10N) = c(10N)3.  This gives us:

T(10N) = 1000cN3 = 1000T(N) (since T(N) = cN3)

Therefore, the running time of a cubic algorithm will increase by a factor of 1000 if the size of the problem is increased by a factor of 10.  Similarly, increasing the problem size by another factor of 10 (increasing N to 100) will result in another 1000 fold increase in the running time of the algorithm (from 1000 to 1(106).

T(100N) = c(100N)3 = 1(106cN3 = 1(106T(N)

A similar argument will hold for quadratic and linear algorithms, but a slightly different approach is required for logarithmic algorithms.  These are shown below.

For a quadratic algorithm, we have T(N) = cN2.  This implies: T(10N) = c(10N)2.  Expanding produces the form: T(10N) = 100cN2 = 100T(N).  Therefore, when the input size increases by a factor of 10 the running time of the quadratic algorithm will increase by a factor of 100.

For a linear algorithm, we have T(N) = cN.  This implies: T(10N) = c(10N).  Expanding produces the form: T(10N) = 10cN = 10T(N).  Therefore, when the input size increases by a factor of 10 the running time of the linear algorithm will increase by the same factor of 10.

In general, an f-fold increase in input size will yield an f 3-fold increase in the running time of a cubic algorithm, an f 2-fold increase in the running time of a quadratic algorithm, and an f-fold increase in the running time of a linear algorithm.

The analysis for the linear, quadratic, cubic (and in general polynomial) algorithms does not work when in the presence of logarithmic terms.  When an O(N logN) algorithm experiences a 10-fold increase in input size, the running time increases by a factor which is only slightly larger than 10.  For example, increasing the input by a factor of 10 for an O(N logN) algorithm produces: T(10N) = c(10N) log(10N).  Expanding this yields: T(10N) = 10cN log(10N) = 10cN logN + 10cN logN = 10T(N) + c(N  (where c( = 10clog10).  As N gets very large, the ratio T(10N)/T(N) gets closer to 10 (since c(N/T(N) ( (10 log10)/logN gets smaller and smaller as N increases.

The above analysis implies, for a logarithmic algorithm, if the algorithm is competitive with a linear algorithm for a sufficiently large value of N, it will remain so for slightly larger N.

Static Searching

Searching is an important use of computer systems.  Static searching involves searching for data which is not allowed to change during the search – the data is static.  [The techniques involved with static searching are completely different than those used for dynamic searching – where the data may change while the search is underway.]  The static searching problem is more precisely stated below.


Static searching algorithms can be classified into two broad categories: those algorithms that search unsorted data and those which search through sorted data.  

// Sequential Search Algorithm – for unsorted data

int i = 0, x, A[N], N;

while ( i < N ) 

     if ( x = A[i] )

         return (i);   //match found at position i

     else

         i++

return(i);   //if i=N at return – then search failed


Binary Search

If the array is sorted in advance of the search, then the binary search may be used rather than the sequential search.  The binary search makes use of repeated halving of the search space as it narrows in on the area of the array in which the value x must be located (if it exists) in the array.  Note that the binary search requires the execution of more instructions than does the sequential search.  Also note too that the division operation in the binary search is commonly a simple shift right operation.

The binary search algorithm is shown below.

//Binary Search Algorithm

int found, low = 0, high = N-1, mid, x, A[N], N;

while (low <= high)

     { mid = (low + high)/2;

        if ( x == A[mid])

             found = mid;

        if (x > A[mid])

               low = mid + 1;

        else  

              high = mid – 1;

     }


Analysis of Binary Search

1. Unsuccessful search:  The number of iterations of the loop will be (log N( + 1. Since the range of array locations encompassed by the search is halved at each iteration.  The one is added because the last iteration will set low > high and the loop will terminate (its like the last search range includes no elements). 

2. Worst case – successful search:  The worst case for a successful search results when the range of elements to be searched is of size one and this is the search item.  Thus, the worst case successful search is (log N(.

3. Average case – successful search:  The average case save exactly one iteration.  This is because half of the items in the array will require the worst case time, one-quarter of the items will save one iteration and only one in 2n items will save n iterations from the worst case.  Thus the average case is (log N( - 1.


Interpolation Search

Interpolation searching is an efficient searching technique under certain conditions.  These conditions are: (1) an access to the search space must be very expensive compared to the cost of an instruction, and (2) the data must be fairly uniformly distributed across the search key space.  Phone books and dictionaries are fairly uniformly distributed, sequences of numbers such as 1, 2, 4, 8, 16, … are not uniformly distributed.  These conditions on the efficiency of the interpolation search are quite restrictive, however, it illustrates that there is more than one way to approach most problems.

If the data is not uniformly distributed in the search space then the interpolation search performance deteriorates to that of a linear search.  If the conditions are adhered to the average performance of the interpolation search has been shown to be O(log log N).  If N = 4x109, then (log log N) = 5, since log(4x109) ( 32 and log(32) ( 5.

� EMBED Equation.3  ���





Example: (second case)


1, 1+(-3) = -2, 1+(-3)+4 = 2, 1+(-3)+4+(-2) = 0, 1+(-3)+4+(-2)+(-1) = -1,


     1+(-3)+4+(-2)+(-1)+6 = 5


-3,  -3+4 = 1, -3+4+(-2) = -1, -3+4+(-2)+(-1) = -2, -3+4+(-2)+(-1)+6 = 4


4, 4+(-2) = 2, 4+(-2)+(-1) = 1, 4+(-2)+(-1)+6 = 7


-2, -2+(-1) = -3, -2+(-1)+6 = 3


-1, -1+6 = 5


6


Maximum contiguous subsequence has a value of 7 and involves the sequence of values 4, -2, -1, and 6.








A Simple Big-Oh Rule





A Big-Oh estimate of the running time is determined by multiplying the size of all the nested loops together.





Combinatorics Example


Suppose we have four values: 1, 2, 3, and 4.  Then the number of triplets that can be form where 1 ( i ( k ( j ( N is (N(N+1)(N+2))/6 = 120/6 = 20.  They are: (1,1,1) (1,1,2) (1,1,3) (1,1,4) (1,2,2) (1,3,3) (1,4,4) (1,2,3) (1,2,4)


(1,3,4) (2,2,2) (2,2,3) (2,2,4) (2,3,3) (2,3,4) (2,4,4) (3,3,3) (3,3,4) (3,4,4)


and (4,4,4) for a total of 20





Algorithm





int MCSS = 0, sum = 0, start = 0, end = 0;


for (i = 0; i < SIZE; i++) 


{for (j = 0; j < SIZE; j++) 


      {  sum = 0;


          for (k = i; k <= j; k++) 


               sum += a[k];


          if (sum > MCSS) 


          {   MCSS = sum;


               start = i;


               end = j;


          }


      }      


}


return MCSS;








Algorithm





int MCSS = 0, sum = 0, start = 0, end = 0;


for (i = 0; i < SIZE; i++) 


{for (j = i; j < SIZE; j++) 


      {  sum += a[j];


          if (sum > MCSS) 


          {   MCSS = sum;


               start = i;


               end = j;


          }


      }      


}


return MCSS;








Algorithm





int MCSS = 0, sum = 0, start = 0, end = 0, i = 0;


for (j = 0; j < SIZE; j++) 


      {  sum += a[j];


          if (sum > MCSS) 


          {   MCSS = sum;


               start = i;


               end = j;


          }


          else  if (sum < 0)


          {    i = j + 1;


                sum = 0;


          }


      }      


}


return MCSS;








Static Searching Problem





Given an integer x and an array A, return the position of x in A or an indication that x does not occur in A.  If x occurs more than once in A, return the position of any occurrence.  The array A is static.





Logarithms Revisited


Definition:  For any B, N >0,  log B N = K if BK = N.  In computer science the default base is 2.


Observation:  Logarithms grow slowly.  210 = 1024 (log 2 1024 = 10).  220 = 1048576  ( 1x106  (log 2 1x106 ( 20).  230 = 1073741824 ( 1x109 (log 2 1x109 ( 30). This means that  the performance of an O(N log N) algorithm is much closer to that of an O(N) algorithm than an O(N2) algorithm, even for moderately large amounts of input.





Ceiling Function:  (N(  is the ceiling function and represents the smallest integer that is at least as large as N.





Floor Function: (N( is the floor function and represents the largest integer that is at least as small as N.


Examples:  


repeated halving – starting from x = N, if N is repeatedly halved, how many iterations must occur to make N smaller than or equal to 1?  


If the division rounds up: (log N( iterations.


If the division rounds down: (log N(


Example -  If you start with the number 3 how many times can you halve the number before the number you have is smaller than or equal to 1?  Solution: 3/2 = 1.5.  If this number is rounded up you are left with 2 which requires another division before the number you are left with is equal to or smaller than 1.  If the number is rounded down then only a single first division is required since 1.5 rounded down would be 1. 


repeated doubling – starting from x = 1, how many times should x be doubled before it is at least as large as N?  Answer: (log N( iterations.


Example -  If you start with the number 1 how many time do you have to double the number before the number you have is larger than 106?  Solution: After N doublings you have a number that is 2N.  So you want to find the smallest N that satisfies the equation 2N > 106 or N = (log 106( and thus N = 20.





Repeated Halving Principle:  An algorithm is O(log N) if it takes constant time O(1) to reduce the problem size by a constant amount (usually 1/2).





Repeated Doubling Principle: Starting from 1 a value can only double (log N(  times until the value of N is reached.














Example: Array A[0..15]


0�
1�
2�
3�
4�
5�
6�
7�
8�
9�
10�
11�
12�
13�
14�
15�
�
1.5�
1.8�
2.1�
2.3�
2.7�
3.0�
3.3�
3.6�
4.8�
5.6�
6.6�
6.8�
7.8�
8.5�
8.8�
9.3�
�



Search for: 3.3


mid = [0+15]/2 = 7 {integer division}


A[7] = 3.6


search value < 3.6


	high = mid-1 = 6


	mid = [0+6]/2 = 3


	A[3] = 2.3


	search value > 2.3


		low = mid+1 = 4


		mid = [4+6]/2 = 5


		A[5] = 3.0


		search value > 3.0


			low = mid+1 = 6


			mid = [6+6]/2 = 6


			A[6] = 3.3


			found – return 6 as location of search value








The running time for the binary search is O(log N).
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