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(Taylor's Theorem)

Suppose f € C"[a, b), that f™*" exists on [a, b), and xy € [a, b). For every x € [a. b].
there exists a number £(x) between xg and x with f(x) = P,(x) + R.(x), where

(m)
Pu(x) = f(xo) + f'(xo)(x — xa) + 4 ;f“}{ —x) + e+ i%{x = xg)"
(k)
E f f-"ﬂ}' (x — 0}1:
and
Ra(x) = w(x - xg)"*h. ]

(4 1)!

Floating-point representation (Binary Floating Point Arithmetic Standard 754-1985):

1-bit sign s 11-bit characteristic C 52-bit mantissa f

The floating-point value formula:

(___ 1)52(;—10?.3(1 + f')

Definition 1.18  Suppose {B,]52, is a sequence known to converge to zero, and {a,};°, converges to a

number «. If a positive constant K exists with
ety — | < K|fBq], for large n,

then we say that {«,}72, converges to « with rate of convergence O(f,) (this expression
is read “big oh of B,"). It is indicated by writing ¢, = & + O(B,). u

a,+b

Bisection method: (1) p, = L where a, < b, and f(ay)- f(b,) <0

(2) if f(an)- f(pn) > 0 then an:1 = Pn; bn1 = by else ant1 = an; bni1= P

Theorem 2.1:
Euppl_:-.\ii: that f € Cla, b]and f(a)- f(b) < 0. The Bisection method generates a sequence
{pal,~, approximating a zero p of f with

b—a

|l — p| = when n > [. |

Fixed-Point Iteration method: Given po. Forn> 1, pn=0(Pn-1).
Theorem 2.2:



a. Ifg € Cla,b] and g(x) € [a, b] for all x € [a, b], then g has a fixed point in
[a, b].

b. If, in addition, g’'(x) exists on (a, b) and a positive constant k < 1 exists with
lg'(x)| <k, forallx € (a,b),

then the fixed point in [a, b] is unique. (See Figure 2.3.) =
Theorem 2.3:

(Fixed-Point Theorem)
Let g € Cla, b] be such that g(x) € [a, b], for all x in [a, b]. Suppose, in addition, that g
exists on (a, b) and that a constant 0 < k < 1 exists with

lg'(x)] <k, forallx € (a,b).
Then, for any number pyg in [a, b], the sequence defined by
Pn=8(pPn-1), n=1,

converges to the unique fixed point p in [a, b]. ]
Corollary 2.4:

If g satisfies the hypotheses of Theorem 2.3, then bounds for the error involved in using p,
to approximate p are given by

|pn — p| < k" max{po —a, b — po)

and
Pn =Pl =7 k‘lpu — pol, forall n>1 ]
Newton-Raphson method:
S (Pn-1)
P S =i oy W ZE L,
. fl(pn—l)

Secént method: Given ppand p;, forn>2,
f(pn—l)(Pn—l = pn—?.)
f(pn—l) = f(pn-Z)

Method of False Position:

. First choose initial approximations poand p; with f(pg)- f(p1) < 0. The approxima-
tion p; is chosen in the same manner as in the Secant method, as the x-intercept of the line
Joining (po, f(po)) and (py, f(p1)). To decide which secant line to use to compute p3, we
check f(p2): f(py). If this value is negative, then p; and p; bracket a root, and we choose
p3 as the x-intercept of the line joining (p, f(p;)) and (ps, f(p2)). If not, we choose p;
as the x-intercept of the line joining (po, f(po)) and (p2, f(p2)), and then interchange the

indices on po and pr. T |aAg proass (Lpests

Pn = Pn—1—



Aiken’s A> method:
Aitken’s A? method is based on the assumption that the sequence {p,}°%,, defined by

~ (pn+! . pﬂ)l
D, = — ’ (2.12)
= p" Pn+2 — ZP;:+I ‘j' Pn

converges more rapidly to p than does the original sequence {p, )%

n=(0"
Steffensen’s method:

0 (0) ) { 2 0 | |
o b =8, pY =g, b)) = 18U, By =8y )

Horner’s method:

INPUT degree n; coefficients ay, ay, ... , @n} Xo.
OUTPUT y = P(xp); z = P'(xp).
Step 1 Sety =a,; (Computeb, for P.)
z=a,. (Computeb,_, for Q.)
Step2 Forj=n—-1,n-2,...,1
0 sety = xgy +aj; (Computeb; for P.)
z=x0z+Yy. (Computeb;_, for Q.)
Step 3 Sety = xoy +ag. (Compute by for P.)

Step 4 OUTPUT (y, z);
STOP.

Muller’s method: Given a polynomial f(X) and three initial approximations po, p1, and p,.
For n > 3, first compute

c= f(p2),

p (PO P2 Lf(p) = f(p)] = (p1 — p)*Lf (po) — f(p2)]
(po — p2)(p1 = p2)(po = p1) '

. (pr — P2 f(po) = f(p2)] — (po — p)Lf(p1) = f(p2)]
(Po = p2)(py = p2)(po — p1) '

Then, compute p; as follows:
2c

b + sgn(b)v/b? — dac’

Repeat the procedure using p;, P2, and ps as the three approximate roots.

Pi=pr—



