Finding the Difference Equation for Approximating Continuous-time Systems

d
Given the first order system d_)t/: fly,u),

forward (explicit) Euler: yaln+1)=y,(n)+Tfy,(n),u(n)]

backward (implicit) Euler: yaln+1)=y,(n)+Tfly,(n+1),u(n+1)]

trapezoidal: yaln+1)=y,(n) +£{f[yA(n),u(n)] + fly4(n+1),u(n+1)]}
dp

example: o =f(P,u)=cP(P,,—P)+u whereu=ult)

forward (explicit) Euler: P,(n+1) =P,(n)+Tf[P,(n),u(n)]

= Pyn+1) =Py(n)+T[cPy(n){P,, —Py(n)} +uln) |
= Py(n+1) =[1+cT{P, —P,(n)} |Py(n)+Tu(n)

backward (implicit) Euler: P,(n+1) =P, (n)+TFIP,(n+1),u(n+1)]
= Py(n+1) =P,(n)+T[cPy(n+1){P, —Py(n+1)} +u(n+1)]
= Py(n+1) =P,(n)+CcTP, Py(n+1)—cTP,*(n+1)+Tu(n+1)
= cTP*(n+1)—cTP, P (n+1)+P,(n+1)=P,(n)+Tu(n+1)

= TP (n+1)+(1—cTP,)Py(n+1)—P,(n)—Tu(n+1)=0
trapezoidal: P,(n+1) =P,(n)+ g{f[PA(n),u(n)] + flP,(n+1),u(n+1)]}

= P, (n+1)=P,(n) +£{[CPA (n){P,, =P, (n)} +uln) |+[ cPy(n +1){B, —Py(n+1)} +uln+1) ]}



example: = f(x,y,u)=ax+by +u

dx
dt
% =g(x,y,u)=cxy
forward Euler: Xa(n+1) =x,(n)+Tf[x4(n),y,(n),u(n)]
= X,(n+1) =x,(n)+T[ax,(n)+by,(n) +u(n)]
=  Xa(n+1) =(1+aT)x,(n)+bTy,(n)+Tu(n)

ya(n+1) =y,(n)+Tglx,(n),y4(n),u(n)]
= yaln+1) =y, (n)+T[cx,(n)y,(n)]
= yaln+1) =[1+cTx,(n)]y,(n)

dP,

example: e =cP(P, —P)—aP,

dp,
—2 — 3P, — AP,
o PhA

dP,
fi(P,P,) :d—tlch(Pm —P)—aP,

£(P,P,) =Zi:=ﬂpz — AP,
trapezoidal: PLa(n+1) =P, 4(n)+ g{ A[PAL P A ]+ £ [Aaln+ 1P, a0+ 1))
= P A(n+1)=P, 4(n)+ g{[cPLA ()P = Pa(n)} = Py p () |+ P01+ 1){By =P (0 + D} P, o(n+1) |}
Py aln+1) =P, 4(n)+ g{ [Pl Py 4(0) ]+ £ Praln +2),P 4(n+1) ]}

= Py ,(n+1) =P, ,(n)+ g{[ 3Py ()= AP, 5 () |+ BBy a0+ 1)~ A 4 +1)])



