EEL 4890 Exam 1 solution Fall 2007
Problem 1 (30 pts)

A continuous integrator with initial condition x(0)=1 is shown below.

x(0)=1

ut)=e™ I . X(t)

Fill in the table below where x(t,) is the exact value of the integrator output at time t,.

Choose T =0.05 for each integrator. Round all answers to 4 places after the decimal
point.

X,4(n) X,4(n)
n t=nT Explicit Euler Trapezoidal X(t,)
0 0 1 1 1
1 0.05 1.05 1.0476 1.0476
2 0.1 1.0952 1.0907 1.0906

For a continuous integrator modeled by % = f(x,u)=u,
explicit Euler: X,(n+1) :xA(n)+T-f[xA(n),u(n)]
= Xa(n+1) =x,4(n)+T-u(n)
= X,(n+1) =x,(N)+T-e*"", n=0,1,2,...
n=0: X4(1) = x,(0)+0.05¢2(0N0-05)
=1+0.05
=1.05
n=1: X4(2) = x,(1)+0.05¢210.03)
=1.05+0.0452

=1.0952




trapezoidal:

exact soln:

t=T=0.05:

t=27=0.1:

X,(n+1) :xA(n)+§-{ F[xaln)u(n)]+ f[x4(n+12),u(n +1)]}

= Xx,(n+1) =xA(n)+§[u(n)+u(n+1)]

Tr oy
= x4(n+1) =XA(n)+5[e e M) n=0,1,2,..

x, (1) =x A(o)+%[e—2(oxo.os> o209
2
=1.0476

.05 _ _
X,(2) :XA(1)+%[e 2(1)(0.05) , o 2(2)(0.05)]

=1.0907
dx
— =u(t
™ (t)
x(t) t
I dx =J-u(t)dt
x(0) 0

t

x(t) = x(0) = j e *dA

0

2.t
x(t) =x(0)+
‘o
ot
x(t) =1+12% >0
T __-2(0.05)
x(0.05) =14+12¢ _1,17¢€ ~1.0476
2 2
1 =227 __-2(01)
x(0.1) =1+ ez —1+ ez —1.0906



EEL 4890 Exam 1 solution Fall 2007
Problem 2 (35 pts)

A second order system is modeled by the differential equation

d?w dw d?u
- t——+2W=3—-.
dt dt dt

The initial conditions w(0) = Z—‘f{v(O) =0.

a) Draw a simulation diagram for the system.

d? d d d2
Fy(t)+aiay(t)+aoy(t) =bOU(t)+blau(t)+b2Fu(t)
» b,
» b
z yA VA ) 4
U—> > > » b
4\ J J o

A

—

d?w dw d?u
—2+—+ 2w = 3—2
dt dt dt

= a=1a,=2 b,=b=0b,=3



A 4
w

-2

A

b) Find matrices A, B,C, D in the state variable model form

X=Ax+Bu
y=Cx+Du

The single outputis 'y =w.

y =w
=3%,
=3(U—-2x%—X,)
=—6X —3X, +3U

X
y =[-6 -3] § +[3]u
2

= c=[-6 -3, D=[3]



c) The input u(t) =t, t>0. Use explicit Euler integration with step size T =0.1 to find
Y.(1),y,(2) and y,(3). Round answers to 4 places after the decimal point.

S X A X a(2) X A(3)
Hint: First find {Xz,A(l)}’ |:X2,A(2)] |:X2,A(3):|.

X = fi %%, u] =%
o = o[ X, X, U] ==2% — X, +U
X a(N+2) =X, (N)+TF X4, 4 (N), %4 (M),u()]
= X a(N+1) =X, 4 () +TxXz, (N)
Xo, A(N+1) = X5, 4 (M) +TF, [ X, 4 (N), X5, 4 (), u(N)]
= Xpa(N+1) = X5, 4 (M) +T [-2%3, 4 (N) = %o, 4 (N) +u(N)]

= Xy a(N+1) ==2Tx, 4 (N) +(1=T)Xy,4 (N)+Tu(n)

X a(n+1) ] |1 T [ xa(] [0 "
| Xoa(M+D) | | -2T (1-T) || %pa(n) " T i
N EGER :_ 1 T [ xa()] . 0] -
| Xoa(N+D) | | -2T (@-T) ]| Xoa(n) ] [T
_XJ_,A(n+1)_ __ 1 X a(N) 0
7 oa+D | Tl 200 - onMXM(n)} _o.Jn(o'l)
. X a(N+D) ] :_ 1 0-1__X1,A(n)_+_ 0 |
| X a(N+1) ] |02 0.9]] X;a(n) | [0.01n ]
n=0: XA ] __ 1 0-1__X1,A(0)—+_ 0
o %A@ | [-0.2 0.9] %40 [0.010)
% A ] [ 1 o1]o .\ 0]
~ xa®] [-02 09])[0) |0
- %A@ [0
| Xo,a(D) | __0




_Xl,A(Z)_
| X0, (2) |

%.A(2) ]
| Xo,a(2)

X a(2)]
| %,a(2) |

XA 3) ]
| X2,A(3) |

_Xl,A(3)_
| Xo,a(3) |

_Xl,A(3)_
| Xo,a(3) |

—0.2

0.2
[0
0.01
1
0.2

(1
0.2

[0.001]
0.009 |

% A3 ] [0.001]

%,4(3) | 0029

0.1 % A(@) 0
09 || XA D) +{0.01(1)}

0.1][0 .\ 0
0.9]/0| |0.01

0.1 % A(2) 0
09 %4(2) +[0.01(2)}
017 0 } { 0 }

+
0.9/[0.01] 7] 0.02

oz

ya(n) =Cx,(n)+Du(n)

= yan) =[—6 3

—_

ya@ = [—6 3

—_

= y() =[-6 3

—_

Ya(2) = [_6 3

—_

= Ya(2) :[—6 3

—_

ya@d) = [—6 3

—_

= Yad) :[—6 3

—_

¥ a(N)
| Xo,a(N)

%A ()
| Xo,a(1)

}+3u(n)

}SnT

_8}3[(1)(0.1)] =03

%A (2)
_XZ’A(Z)}F%T

0
_0'01}3[(2)(0.1)] =0.63

I X A(3)
| XoA(3)

[0.001
10.029

}+3nT

}3[(3)(0.1)] =0.981

6



EEL 4890 Exam 1 solution Fall 2007
Problem 3 (35 pts)

An exponential population growth model

@ =—kP, (k>0)
dt

IS to be simulated in order to approximate the population P(t)for a period of time. The
difference equation for P,(n) intended to approximate P(t) is

P,(n+1)+aP,(n)=0

a) Find an expression for « in terms of k and the step size T using
i) Explicit Euler
if) Implicit Euler

b) Evaluate « for each integrator when k=0.1 and T =1 yr. Round answers to 4 places
after the decimal point.

c) Fill in the Table below when P(0)=5million. Round all answers in millions to 4
places after the decimal point.

n t,=nT P,(n), Explicit Euler P,(n), Implicit Euler P(t,)
0 0 5.0000 5.0000 5.0000
1 1

2 2

d) The exact solution is given by P(t) =P(0)e™ ™, t>0. Fillin the last column of the
table.



dp
a) — ==k

i) Explicit Euler: P,(n+1) =P, (n)+Tf[P4(n)]

=P, (n)+T[—kP,(n)]
=(1—KT)P4(n)
= P,(n+1)—(1—kT)P,(n) =0
= a =—(1-kT)

i) Implicit Euler: Py(n+1) =P, (n)+Tf[Py(n+1)]

=P, (n)+T[-kP,(n+1)]
Py(n+1)+kTP,(n+1) =P,(n)

= (1+kT)P,(n+1)—P,(n) =0
1
= Rﬂn+n—11?;&0ﬂ:0

B 1
1+kT

b) Explicit Euler: o =—(1—-kT)=-[1-0.1(1)]=-0.9

Implicit Euler: a=— ! =— ! :—i:—0.9091
1+kT  1+0.1(1) 1.1
c) Explicit Euler: P,(n+1) =0.9P,(n), n=0,1,2,...

n=0: P,(1) =0.9P,(0)=0.9(5)=4.5
n=1: P,(2) =0.9P,(1)=0.9(4.5)=4.05

Implicit Euler: P,(n+1) =0.9091P,(n), n=0,1,2,...
n=0: P,(1) =0.9091P,(0)=0.9091(5) = 4.5455
n=1:  P,(2) =0.9091P,(1)=0.9091(4.5455) = 4.1322



n t,=nT P,(n), Explicit Euler PA(n), Implicit Euler P(t,)
0 0 5.0000 5.0000 5.0000
1 1 4.5000 4.5455 4.5242
2 2 4.0500 4.1322 4.0937
d) P(t) =P(0)e™, t>0
= P(t,) =P(0)e "
= P(t,) =P(0)e”™ ", n=0,1,2,...
n=0: P(t,) =5e 017
=5
n=1 P(t,) =5e 1T
=5 011
=4.5242
n=2: P(t,) =5e 01T

_ 5p0-121)

=4.0937




