Chapter 18 Polynomials

18.1 Roots

MATLAB peaforms numerous operdions involving polynomids.  The most
common dtuation deding with polynomids is finding its roots A polynomid is
uniquely defined by its coefficients MATLAB represents a polynomiad by a vector
containing the coefficients of the powers in descending order. For example, the
polynomid

p(x) =a x"+a, X" +...+ax+a,

is saved in MATLAB as a vector p where p=[a,a, ,.......&,38,]. If acoeficient is

zero, it must gppear in the vector. After the coefficient vector is defined, the roots of the
polynomid are returned in a column vector fromacdl to'r oot s( p) .

The roots of a polynomid ae found in the example bedlow. The polynomid is
evduated a the roots (where it should be zero) and then plotted to verify it passes
through the red roots.

Example 18.1.1

p=[1,-10,42,-98,65] % Define coefficient vector for polynoni al

% p(x) = x* - 10x3 + 42x? - 98x + 65
proots=roots(p); % Find roots of p(x)
Xx=proots % Set x equal to row vector of roots of p(x)=0
y=p(1l)*x."4 + p(2)*x."3 + p(3)*x."2 + p(4)*x + p(5) % Eval uate p(x)

% at each of its 4 roots

xi =l i nspace(0, 10, 250); % Create xi vector for evaluating yi=p(xi)
yi=p(1)*xi."4 + p(2)*xi."3 + p(3)*xi."2 + p(4)*xi + p(5); %yi=p(xi)
plot(xi,yi) % Plot y=p(x) vs X
hol d on
axis([0 6 -50 50]) % Set scale for plot
plot([0 10],[0 O], k') % Pl ot x-axis
xl abel (" x"), ylabel ("y")
title('y=p(x) vs. x')

p = 1 -10 42 -98 65

X =
2.0000 + 3.0000i
2. 0000 - 3.0000i
5. 0000
1. 0000

y =
1.0e-012 *
-0.0568 + 0.0568i
-0.0568 - 0.0568i
-0. 3411

0
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The reverse process, i.e. obtaining the polynomia coefficients from the roots is
easly accomplished using the function 'pol y'.

Example 18.1.2

pcoef fs=pol y(proots) % Find coeff's of polynomal with roots 'proots’

pcoeffs =
1. 0000 -10.0000 42. 0000 -98.0000 65. 0000



18.2 Multiplication

Multiplying two polynomias in MATLAB is as smple as defining the coefficient
vectors and then performing a convolution using the ‘conv' function.

Example 18.2.1

p=[1:2 -5:-4] %First polynomal is p(x) = x*+ 2x3 - 5x - 4
g=[1 0 -2 0] % Second polynom al is gq(x) = x3 -2x
u=conv(p, q)

p= 1 2 -5 -4

q= 1 0 -2 0

u= 1 2 -7 -8 10 8 0
Executing Example 18.2.1 shows that

P(X)>q(x) =(x*+2x%- 5x- 4)Xx> - 2X)
=x"+2x° - 7x° - 8x* +10x3 +8x

The roots of the product polynomiad and the individud polynomids must agree.
Thisiseadly verified.

Example 18.2.2

rp=roots(p) % Find roots of p(x)
rqg=roots(q) % Find roots of q(x)

ru=roots(u) % Find roots of u(x)=p(x)>(x)

rp =

-3.1774
1. 8558
0.6784

0
1.4142
-1.4142

-3.1774
-1.4142
. 8558
. 4142
-0.6784
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18.3 Addition

Addition of polynomias is a bit more complicated than multiplication when the
polynomids involved are not the same order. That iss MATLAB cannot add polynomids
of different order directly because the coefficient vectors representing them are not the
same sze. The solution is to pad the lower order polynomia coefficient vector with
leading zeros until the two coefficient vectors ae the same dSze.  The function
'‘pol yadd' in Example 18.3.1 bdow adds two polynomials. Severd test cases are
included after the function.

Example 18.3.1

function h=pol yadd(f, g)

% This function adds two polynomials. If the polynonials are not the
% sanme order, it pads the coefficient vector of the |ower order

% pol ynomi al with zeros so the two vectors can be added.

if length(f)==length(g) % Check if polynom als are the sane order
h=f +g
el seif length(f)>length(g) % Check if f is higher order than g
diff=length(f)-1ength(qg);
gg=[zeros(l:diff) g] % Pad g with "diff' zeros
h=f +gg % Conpute sum
else %g is higher order than f
di ff=length(g)-Ienght(f)
ff=[zeros(1:diff) f] % Pad f with "diff' zeros
h=ff +g % Conpute sum
end %if |length(f)==Iength(g)

disp(' "), disp('Case 1')

g=[1 2 -3 4 %Define g(x) = x® + 2x?- 3x + 4
h=[-1 -2 3 -4] % Define h(x) = -x3- 2x?>+ 3x - 4
z=pol yadd(g, h) % Add pol ynom als g and h

disp(' '), disp('Case 2')

f=[1 3 -2 05 %Define f(x) = x* +3x3 -2x? + 5x
g=[4 -1 6] % Define g(x) = 4x2 - x +6

y=pol yadd(f,g) % Add polynomi als f and g

disp(' "), disp('Case 3")

a=[1] % a(x)=1

b=[1 000 -1] %b(x) =x*- 1

y=pol yadd( a, b)

Case 1

g= 1 2 -3 4

h =-1 -2 3 -4

z =0 0 0 0
Case 2

f = 1 3 -2 0 5
g= 4 -1 6

y = 1 3 2 -1 11



Case 3

a= 1
b= 1 0 0 0 -1
y = 1 0 0 0 0

Note the use of the local variable di f f ' in the function workspace. Degpite the
fact a built-in MATLAB function named di f f ' exists, there is no goblem assgning it a
vdue and refering to it in the next datement. Recdl thaa MATLAB firg looks in the
current workspace for named variables before checking if its a built-in function.



18.4 Divison

Divison of polynomids is achieved by the deconvolution function ‘deconv’. In
the example below, the polynomiad N(X) =4x>+2x*- x* +x +1 s divided by the lower
order polynomid D(x)=x*- 2. The output is returned in two vectors. The fird is the

coefficient vector of the quotient, and the second produces the remainder polynomia
coefficients. In generd,

&:Q(X)+m

D(X) D(X)
where Q(x) isreturned as zero if the order of N(x) islessthan the order of D(x).

Example 184.1

N=[4 0 2 -1 1 1] %Define N(x) = 4x> + 2x3 -x2 + x + 1
D=[1 0 -2] % Define D(x) = x2 - 2
[ Ag, Ar] =deconv(N,D) % Find N(x)/D(x)

N= 4 0 2 -1 1 1
D= 1 0 -2

Aq = 4 0 10 -1

Ar = 0 0 0 0 21 -1

After running Example 18.4.1, the following result is apparent.

4x5+2x32-x2+x+1 s 4C+10x-1 + Zix-l
X -2 X -2

The above result is easly verified in MATLAB by showing that
N(x) =Q(x)>D(x) +R(x)

Example 18.4.2

N % Di spl ay N(x) coefficients
N _check=pol yadd(conv(Aq, D), Ar) % Check result from Exanple 18.4.1

N= 4 0 2 -1 1 1
N check = 4 0 2 -1 1 1

The next example demondtrates the case when the numerator polynomid is lower
order than the denominater polynomidl.



Example 18.4.3

A=[1 2 3] % Define A(x) = x2 + 2x + 3
[

B=[1 0 1 0 5] %Define B(x) = x* + x> + 5
[ Cq, Cr] =deconv(A, B) % Find A(x)/B(x)

A= 1 2 3

B = 1 0 1 0 5

Cg = 0

C = 1 2 3



18.5 Differentiation

Differentigtion of polynomid functions is a draghtforward procedure, one that
MATLAB implements with the function 'pol yder .

Example 18.5.1

f(1)=3; % Coefficient of highest order term

f(2)=5; % Coefficient of next highest order term

f(3)=0;

f(4)=-1,

f(5)=2; % Coefficient of zero order term i.e. the constant
f %f(x) = 3x* +5x3- x + 2

df dx=pol yder (f) % Fi nd df/dx coefficient vector

f = 3 5 0 -1 2
df dx = 12 15 0 -1
Example 18.5.2

f=[1 03 2] %f(x) = x®+ 3x +2

g=[1 -4 5] %g(x) = x? - 4x +5

fg=conv(f,g) % Find f(x)>(x) coefficient vector

d_fg_dx=polyder(fg) % Differentiate the product f(x)>g(x)

ul=conv(f, polyder(g)); % Find f>g/dx

u2=conv(g, pol yder(f)); % Find g>df/dx

d_f g_dx=pol yadd(ul,u2) % Differentiate f(x)>(x) using product rule

f = 1 0 3 2
g = 1 -4 5
fg = 1 -4 8 -10 7 10
d fg dx = 5 -16 24 -20 7
d fg_dx = 5 -16 24 -20 7



18.6 Evaluation

Polynomiads are usudly evauated a one or more discrete points over some
interva of interest. In MATLAB, 'pol yval ' is the built-in function for doing this To
illugrate polynimia evduation, condder an annua depost A which earns interest a i %
per annum. The future worth of the account after n yearsis

F = A+ AQ+i)+ AL+ +o + AQ+D™ 2+ AQ+i)"+ A(L+i)"
= AU" +u™t UM A 4L WP HU+]) whereu =1 +i

The following example computes the account baance after n years by evauaing
the polynomid function above.

Example 18.6.1

A=1200 % Annual deposit

i =10 % Annual interest rate (per cent)

i =i /100; % Convert i to decinmal value

u=1+i;

n=15; % Nunber of years

p=ones(1, n+l); % Coefficient vector of polynom al
F=A*pol yval (p, u) % Conpute future anount

A = 1200
i = 10
F = 4.3140e+004

The 'pol yval ' function provides a quick way to edtablish the vaues of a
polynomid o it can be plotted.

Example 18.6.2

A=1200;

i =l'i nspace(0, 25,500); % Interval of i values for plot

i =i /100; % Convert array of i values to decinmal nunbers
u=1+i;

n=15; % Nunber of years

p=ones(1, n+l); % Coefficient vector of polynom al
F=A*pol yval (p, u)/10000; % Future worth/ 10000

i =100*i; 9% Convert i back to per cent

plot(i,F) %Plot F vs i

title(' Future Worth of 16 Annual $1200 Deposits Vs. Annual Interest Rate
i)

xl abel ("I nterest Rate per Annum (% ')

yl abel (' Future Worth ($ x 10, 000)")



Future Worth of 16 Annual $1200 Deposits Vs. Annual Interest Rate i

18 T T T T
~—
o
o
o
o
—l
X
&
N
i
£
(¢}
3
[0}
=
=}
=
>
L
0 1 1 1 1
0 5 10 15 20 25
Interest Rate per Annum (%)
Example 18.6.3

a=conv([1 O -1],[1 -2]) % Coefficient vector of f(x)=(x?1)xx-2)
f _roots=roots(a)

Xi =-2:0.01:3; % Values of x to evaluate f(x) at

yi =pol yval (a, xi); %yi=f(xi)

plot(xi,yi) %Plot y=f(x) vs X

hol d on

plot([-2,3],[0,0], k') %Plot x-axis

x| abel (" x")

yl abel ("y")

title('f(x) vs x")

a= 1 -2 -1 2
f _roots =
2. 0000
1. 0000
-1.0000

10
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18.7 Rationa Polynomias

There are times when the ratio of two rationd polynomias needs to be expressed

in patid fraction form. For example, the expresson —; X+3 can be
X +5X +7X+2

expanded into the sum of 3 termsusing the MATLAB 't esi due' function.

Example 18.7.1

n=[1 3] % Nunerator polynomal n(x) = x + 3
d=[1 5 7 2] % Denomi nator polynom al d(x) = x%+ 5x%2+ 7x + 2
[r,p, k] =residue(n,d) % Find residues and poles of n(x)/d(x)

n= 1 3

d= 1 5 7 2

r =
0.2764
-1. 0000
0.7236

p:
-2.6180
-2.0000
-0. 3820

k =

[]

From the results obtained in the above example, it follows that

X+3 __02764 1 . 07236
X +5)X +7x+2 x+2.6180 x+2 x+0.382

When the order of the numerator polynomid is greater than or equd to the order
of the denominater polynomid, the last output k will not be an empty vector. Ingtead it
will contain the coefficients defining the nontfractiona termin the expangon.

Example 18.7.2

nl=d, dl=n, % Reverse n(x) and d(x)
[r1, pl, k1] =residue(nl,dl) % Find partial fraction expansion

nl = 1 5 7 2
dl = 1 3

rl1 = -1

pl = -3

kil = 1 2 1



x3+5x2+7x+2= -1 2 42x41
X+3 X+3

Inthis case,

The 'resi due' function can aso be used to sum the individud terms of the
partid fraction expanson. There must be 3 input vector arguments r , p, and k (an empty
vector in the absence of a non-fractiona term).

Example 18.7.3

r,p
[n,d]=residue(r, p, [ ]) % Conbine partial fraction terns into n/d

r =
0.2764
-1. 0000
0.7236

-2.6180
-2.0000
-0. 3820

- 0. 0000 1. 0000 3. 0000
1. 0000 5. 0000 7.0000 2.0000

n
d

ri, pl, kil
[nl,d1] = residue(rl, pl, kl) % Conbine r1l/pl + k1 polynomi al

ri

pl
k1l

(I
1
w

nil
dil
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18.8 Curve Fitting

There are a variety of ways to represent a set of empiricd data One method,
Least Squares Regression, is based on the use of low order polynomids to fit the data in
the least squares sense. A least squares fit is a unique curve with the property that the
sum of the squares of the differences between the fitted curve and the given data at the
data points is a minimum. MATLAB generates least squares polynomids for a st of
data by using the function pol yfi t'. It accepts vectors of x and y data and a scalar n

asthe order of the polynomia gpproximation.

The target heart rate during exercise for different ages is tabulated below

Age 20 25 30 35 40 45 50 55 60 65 70
Target
Heart Rate 150 | 146 | 142 | 139 | 135 | 131 | 127 | 124 | 120 | 116 | 112

The data is plotted and a firsd order leest square polynomia is found and

presented on the same graph in the next example.
Example 18.8.1

x=20:5:70 % Create vector of age val ues

y=[ 150 146 142 139 135 131 127 124 120 116 112] % Create vector of

% t ar get
plot(x,y,"*") % Plot raw data

al=polyfit(x,y,1) % Find coefficients of |east square |line
xi =l i nspace(20, 70, 250); % Create vector of x values for plotting
pol yval (al, xi); % Eval uate points on |least square line for plotting

yi =

hol d on

v=[20 70 100 150];
pl ot (xi,yi)

axi s(v)

x|l abel (' Age (years)')
yl abel (' Target Heart Rate')

20 25 30 35 40 45 50 55
150 146 142 139 135 131 127 124

al = -0.7527 164.9636
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A higher order polynomid curve is waranted in the next example where ar
pressure and the speed of sound variations with atitude in the troposphere are tabulated.

Altitude, h (ft) Pressure, p (ps)  Speed of Sound, v (ft/sec)
0 14.7 11164
5000 12.2 1097.1
10000 10.1 1077.4
20000 6.76 1036.9
30000 4.37 994.85
36000 3.31 968.75

Example 18.8.2

h=[0 5 10 20 30 36]; % Altitude data
p=[14.7, 12.2, 10.1, 6.76, 4.37, 3.31]; % Pressure data
v=[1116.4, 1097.1, 1077.4, 1036.9, 994.85, 968.75]; % Speed data
p2=pol yfit(h,p,2); % Find quadratic fit coefficients for p
hi =l i nspace(0, 40,500); % Create h data for evaluation of 2nd order fit
pi =pol yval (p2, hi); % Conpute quadratic fit p val ues
v2=pol yfit(h,v,2); % Find quadratic fit coefficients for v
vi =pol yval (v2, hi); % Conpute quadratic fit v val ues
subplot(1,2,1) %Divide figure wi ndow for 2 side by side graphs and
% meke the left side active

15



hol d on

plot(h,p,"*") %Plot pvs htable data in left side
plot(hi,pi) % Plot quadratic fit hi vs pi in left side
xl abel (" Al'titude, h (ft x 1000)")

yl abel ("Air Pressure, p (psi)')

title(" Air Pressure Vs. Altitude')

subplot (1, 2,2) % Make right side active

hol d on

plot(h,v,"*") %Plot v vs h table data in right side
plot(hi,vi) % Plot quadratic fit vi vs hi in right side
x|l abel (" Al'titude, h (ft x 1000)")

yl abel (' Speed of Sound, v (ft/sec)')

title(' Speed of Sound Vs. Altitude")

Air Pressure Vs. Altitude Speed of Sound Vs. Altitude
16 1120
3

1100
1080
1060
1040

1020

Air Pressure, p (psi)

1000

Speed of Sound, v (ft/sec)

980

960

2 1 1 1 1 940 1 1 1 1
0 10 20 30 40 0 10 20 30 40

Altitude, h (ft x 1000) Altitude, h (ft x 1000)
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